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UNIFIED QUANTUM INVARIANTS FOR INTEGRAL HOMOLOGY SPHERES 
ASSOCIATED WITH SIMPLE LIE ALGEBRAS 

KAZUO HABIRO AND THANG T. Q. LE 


Abstract. For each finite dimensional, simple, complex Lie algebra £j and each root of unity £ (with 
some mild restriction on the order) one can define the Witten-Reshetikhin-Turaev (WRT) quantum 
invariant Tm(£) £ C of oriented 3-manifolds M. In the present paper we construct an invariant Jm 
of integral homology spheres M with values in the cyclotomic completion Z[q] of the polynomial ring 
Z[q], such that the evaluation of Jm at each root of unity gives the WRT quantum invariant of M 
at that root of unity. This result generalizes the case jj = si 2 proved by the first author. It follows 
that Jm unifies all the quantum invariants of M associated with 5 , and represents the quantum 
invariants as a kind of “analytic function” defined on the set of roots of unity. For example, tm (£) 
for all roots of unity are determined by a “Taylor expansion” at any root of unity, and also by 
the values at infinitely many roots of unity of prime power orders. It follows that WRT quantum 
invariants tm (£) for all roots of unity are determined by the Ohtsuki series, which can be regarded 
as the Taylor expansion at q = 1, and hence by the Le-Murakami-Ohtsuki invariant. Another 
consequence is that the WRT quantum invariants rj^ (£) are algebraic integers. The construction of 
the invariant Jm is done on the level of quantum group, and does not involve any finite dimensional 
representation, unlike the definition of the WRT quantum invariant. Thus, our construction gives 
a unified, “representation-free” definition of the quantum invariants of integral homology spheres. 
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1. Introduction 

The main goal of the paper is to construct an invariant of integral homology spheres M associ¬ 
ated to each finite dimensional simple Lie algebra g, which unifies the Witten-Reshetikhin-Turaev 
quantum invariants at various roots of unity. The invariant J\ 1 takes values in the completion 

Z[g] = l ; im^ Z[g]/((1 — g)(l — q 2 ) ■ ■ ■ (1 — q n )) of the polynomial ring Z[g], which may be regarded 
as a ring of analytic functions on roots of unity. This invariant unifies the quantum invariants at 
various roots of unity in the sense that for each root of unity £, the evaluation ev^(J^) at q = £ 
of is equal to the WRT quantum invariant r^(£) of M at £ whenever rj^(£) is defined. This 
invariant is a generalization of the sl 2 case constructed in |Ha7] . 

1.1. The WRT invariant. Witten |Wi| . using non-mathematically rigorous path integrals in 

quantum field theory, gave a physics interpretation of the Jones polynomial jJoj and predicted the 
existence of 3-manifold invariants associated to every simple Lie algebra and certain integer, called 
level. Using the quantum group U q (sl 2 ) at roots of unity, Reshetikhin and Turaev |RT2] gave 
a rigorous construction of 3-manifold invariants, which are believed to coincide with the Witten 
invariants. These invariants are called the Witten-Reshetikhin-Turaev (WRT) quantum invariants. 
Later the machinery of quantum groups helped to generalize the WRT invariant t^(^) to the case 

when g is an arbitrary simple Lie algebra, and £ is a root of unity. 

In this paper we will focus on the quantum invariants of an integral homology 3-sphere, i.e. a 

closed oriented 3-manifold M such that iL*(M, Z) = H*(S 3 , Z). 

Let Z C C denote the set of all roots of unity. For each simple Lie algebra g, there is a subset 
2 8 c2 and the g WRT invariant of an integral homology sphere M gives a function 

(1) Fm: Z s —> C, 

(We recall the definition of rj^(£) in Section [HI The definition of r® f (£) for closed 3-manifolds 
involves a choice of a certain root of £, but it turns out that for integral homology spheres this 
choice is irrelevant.) 

We are interested in the behavior of the WRT function (jT]) associated to each Lie algebra g. It 
is natural to raise the following questions. 

• Is it possible to extend the domain of the map rj^ to Z in a natural way? 

• How strongly are the values at different roots of unity £, £' € Z s related? 

• Is there some restriction on the range of the function? In particular, is t®j(£) an algebraic 
integer for all g and £? 

• How are the quantum invariants related to finite type invariants of 3-manifolds |Oht5l 
lHall iGouj ? In particular, is there any relation between the quantum invariants and the 
Le-Murakami-Ohtsuki invariant [ LMO j ? 

1.2. The ring Z[g] of analytic functions on roots of unity. Define a completion Z[g] of the 
polynomial ring Z[g] by 

Z [q] = |mZ [q]/({q-,q) n ), 


0 x',q)n ■= Ild-V 1 )- 

3 = 1 


where as usual 
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The ring Z [g] may be regarded as the ring of “analytic functions defined on the set Z of roots of 
unity” Ha.'li [Ha7] , This statement is justified by the following facts. For more details, see Section 
1.2 of |Ha7j . 

For a root of unity £, £ Z of order r, we have (£; £) n = 0 for n > r. Hence the evaluation map 

ev ? : Z[q\ -A Z[£], f(q ) ha /(£) 

induces a ring homomorphism 

ev ? : Z [q\ ->• Z[f]. 

We write /(£) = ev ? (/(g)). 

Each element /(g) £ Z[g] defines a function from Z to C. Thus we have a ring homomorphism 
(2) ev: Z[g] —>■ 

defined by ev(/(g))(£) = evg(/(g)). This homomorphism is injective ill~3i , i.e., /(g) is determined 
by the values /(£) for f£Z. Therefore, we may regard /(g) as a function on the set Z. 

In fact, a function /(g) € Z[g] can be determined by values on a subset Z' of Z if Z' has a limit 
point £ Z with respect to a certain topology of Z, see UMl Theorem 6.3]. In this topology, an 
element £ £ Z is a limit point of a subset Z' C Z if and only if there are infinitely many f £ Z' 
such that the orders (as roots of unity) of are prime powers. For example, each /(g) £ Z[g] 

is determined by the values at infinitely many roots of unity of prime orders. 

For £ £ Z, there is a ring homomorphism 

T e :Z[2->Z[£] [[?-£]] 

induced by the inclusion Z[g] C Z[£][g], since, for n > 0, the element (g;g) n0 rd(§) is divisible by 
(g — £) n in Z[/][g]. The image T^(/(g)) of /(g) £ Z[g] may be regarded as the “Taylor expansion” 
of /(g) at /. The homomorphism T ,t is injective dEg Theorem 5.2], Hence a function /(g) € Z[g] 
is determined by its Taylor expansion at a point f £ Z. Injectivity of T ,t implies that Z[g] is an 
integral domain. 

The above-explained properties of Z[g] depend on the ground ring Z of integers in an essential 
way. In fact, the similar completion Q[g] = (im^ Q[g]/((g; g) n ) is radically different. For example, 
Q[g] is not an integral domain, and quite opposite to the case over Z, the Taylor expansion map 
Tjr: Q[g] — » Q[/][[g — /]] is surjective but not injective, see |Ha3l Section 7.5]. 

Recently, Manin [Manj and Marcolli [Mar ] have promoted the ring Z[g] as a candidate for the 
ring of analytic functions on the non-existing “field of one element”. 


1.3. Main result and consequences. The following is the main result of the present paper. 

Theorem 1.1. For each simple Lie algebra g, there is a unique invariant Jm = °f an 

integral homology sphere M such that for all £ £ Z g we have 

ev 5 (J M ) = r^(0- 
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Theorem 11.11 is proved in Section 18.201 It follows from Theorems 12.22114.9117.31 and 18.11 

The case g = of Theorem 11.11 is announced in [Ha2l and proved in [Ha7j . For g = sl 2 , 
the invariant Jm has been generalized to invariants of rational homology spheres with values in 
modifications of Z[g] in [BB1L1 Le5l IBL1 BBuL ]. 

The theorem implies that for integral homology 3-spheres, rj^(£) does not depend on the choice 
of a root of £ which is used in the definition of rj^(£). 

We list here a few consequences of Theorem 11.11 For the results stated without proof and with 
the sl 2 case proved in |Ha7| , the proof is the same as the proof of the corresponding result in |Ha7] . 

1.3.1. Analytic continuation of t B j to all roots of unity. Even if a root of unity £ £ Z is not 
contained in Z g , the domain of definition of the WRT function we have a well-defined value 

€ Z[£]. By the uniqueness of Jm, it would be natural to define the g WRT invariant r® f (£) 
at £ £ Z \ Z s as ev^( Jm)- We may regard it as an analytic continuation of tj^ : Z g —>• C. 

The specializations cv^(Jm) are compatible also with the projective version of the g WRT in¬ 
variant 

(3) t m b : Z Ps — > C, 
where Zp s is another subset of Z. See Section [8j 

Proposition 1.2. For an integral homology sphere M and for £ £ Zp g , we have 

ev ? (J M ) = rf/(£). 

As a consequence, for ££Z g n iJpg, we have 

(4) t m(£) = 

Remark 1.3. For a closed 3-manifold M which is not necessarily an integral homology sphere we 
do not have (jU) but for some values of £ we have identities of the form 

t m(0 = t m (0 

where J® / (£) is an invariant of M satisfying fj^(£) = 1 for M an integral homology sphere. For 
details, see e.g. [BH 1 km! iKTl lTe4] . 

1.3.2. Integrality of quantum invariants. An immediate consequence of Theorem 1 1.1 1 is the following 
integrality result. 

Corollary 1.4. For any integral homology sphere M and for £ £ Z s , we have r® / -(£) € Z[£]. In 
particular, rj^(£) is an algebraic integer. 

Here we list related integrality results for quantum invariants for closed 3-nranifolds, which are 
not necessarily integral homology spheres. 

H. Murakami |Mu| (see also |MR| 1 proved that the Psl 2 WRT invariant, also known as the 
quantum SO{ 3) invariant |KM| . of a closed 3-manifold at £ £ Z of prime order is contained in Z[£], 
This result, for roots of unity of prime orders, has been generalized to sl n by Masbaum and Wenzl 
(MW ] and independently by Takata and Yokota TVI , and to all simple Lie algebras by the second 
author m- 


The case of roots of non-prime orders , conjectured by Lawrence [La2j in the sl 2 case, has been 
developed later. The case g = sl 2 of Corollarv ll.4l is obtained by the first author in IHa7l . Beliakova, 
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Chen and the second author (BCLJ proved that for any root of unity £, r^- 2 (£) (which depends on 
a fourth root of £) is an algebraic integer. For general Lie algebras, however, the proof in jBCLj 
does not work. Corollary 11.41 is the first integrality result, for general Lie algebras, in the case of 
non-prime orders. 

1.3.3. Relationships between quantum invariants at different roots of unity. One can obtain from 
Theorem 11.11 results about the values of the WRT invariants, more refined than integrality. 

Let Q ab C C denote the maximal abelian extension of Q, which is the smallest extension of Q 
containing Z. The image of the WRT function is contained in the integer ring 0(Q ab ) of Q ab , 
which is the subring of Q ab generated by Z. Note that an automorphism a € Gal(Q ab /Q) maps 
each root of unity £ to a root of unity a(£) of the same order as £. There is a canonical isomorphism 

Gal(Q ab /Q) “ Aut Grp (Z), 

which maps a € Gal(Q ab /Q) to its restriction to Z. Here Aut G rp(^) is the group of automorphisms 
of Z, considered as a subgroup of the multiplicative group C \ {0}. 

Proposition 1.5. For every integral homology sphere M, the 0 WRT function : Z —» Q ab is 
Galois-equivariant in the sense that for each automorphism a € Gal(Q ab /Q) we have 

AMO) = «(rJEf(0) 

The s?2 case of Proposition 11.51 is mentioned in |Ha7j . 

Proposition 11.61 below is proved in Section [8.211 

Proposition 1.6 ( 4Ha7l for g = sl^)- We have evi (Jm) = 1 f or every integral homology sphere M. 
Proposition 1.7 ( |Ha7| for q = slf)- For G Z with ord(^ / ^ _1 ) a prime power, we have 

Tm(0 = t m (0 ( mod £' ~ 0 

Proposition 11.71 holds also when ord(^ , ^ _1 ) is not a prime power, but in this case the statement 
is trivial since £ — £ is a unit in Z[£, £ 7 ]. 

Corollary 1.8. For every integral homology sphere M and for every root of unity £ E Z of prime 
power order, we have 

Consequently, we have f 0. 

For g = sl 2 , a refined version of Corollary 11.81 is given in [Ha7l Corollary 12.10]. 

1.3.4. Integrality of the Ohtsuki series. When M is a rational homology sphere, Ohtsuki |Oht3] 
extracted a power series invariant, r^ 2 (M) € Q[[g — 1]], from the values of t^ 2 (£) at roots of 
unity of prime orders. The Ohtsuki series is characterized by certain congruence relations modulo 
odd primes. The existence of the Ohtsuki series invariant for other Lie algebras was proved in 
[Le3llLe4| . see also [Rozlj . 


The Ohtsuki series t£o{M) € Q[[g — 1]] and the unified WRT invariant Jm are related as follows. 
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Proposition 1.9 ( |Ha7j for si 2 ). For every integral homology sphere M, we have 

t oo(M) = Ti(J m ) € Z[[q — 1]]. 

In other words, the Ohtsuki series is equal to the Taylor expansion of the unified WRT invariant 
at q = 1. Moreover, all the coefficients in the Ohtsuki series are integers. 

The fact t&>(M) € Z[[g — 1]], for g = si 2 , was conjectured by R. Lawrence [La2j . and first proved 
by Rozansky |Roz2] . Here we have general results for all simple Lie algebras. 


1.3.5. Relation to the Le-Murakami-Ohtsuki invariant. The Le-Murakami-Ohtsuki (LMO) invariant 
IhMOl is a counterpart of the Kontsevich integral for homology 3-spheres; it is a universal invariant 
for finite type invariants of integral homology 3-spheres [Lei] . The LMO invariant of 

a closed 3-manifold takes values in an algebra M(0) of the so-called Jacobi diagrams, which are 
certain types of trivalent graphs. For each simple Lie algebra g, there is a ring homomorphism (the 
weight map) 


W 0 :M(0)^Q[[h]]. 

It was proved in [ iKLO ] that 

W 9 (T LMO (M))=T° 0 (M)\ q=e h. 

Hence, we have the following. 

Corollary 1.10 ([H a7] for s^)- For an integral homology 3-sphere M, the LMO invariant totally 
determines the WRT invariant rj^(£) for every simple Lie algebra and every root of unity f £ Z g . 

It is still an open question whether the LMO invariant determines the WRT invariant for rational 
homology 3-spheres. 


1.3.6. Determination of the quantum invariants. 

Corollary 1.11 f |Ha7] for slfi)- For an integral homology 3-sphere, Jm is determined by the WRT 
function . (Thus Jm and t®j have the same strength in distinguishing two integral homology 
3-spheres.) Moreover, both Jm and are determined by the values of for £ £ Z', where 

Z' C Z is any infinite subset with at least one limit point in Z in the sense explained in Section 

m 


For example, the value of rj^(£) at any root of unity £ is determined by the values at 

£& = exp(27ri/2 fc ) for infinitely many integers k > 0. 


1.4. Formal construction of the unified invariant. Here we outline the proof of Theorem ll.il 

Since we are not able to directly generalize the proof of the case g = SI 2 in [Ha7| . we use another 
approach which involves deep results in quantized enveloping algebras (quantum groups). The 
conceptual definition of the unified invariant presented here is also different. 
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1.4.1. First step: construction of Jm- The first step is to construct an invariant Jm € Z [q] using 
the quantum group U/j(g) of 0 . Here we use neither the definition of t|^(£) nor the quantum link 
invariants associated to finite-dimensional representations of U^(g). Instead, we use the universal 
quantum invariant of bottom tangles and the full twist forms, which are partially defined functionals 
T± on the quantum group Uh(g) and play a role of ±l-framed surgery on link components. 

Every integral homology 3-sphere M can be obtained as the result of surgery on S 3 along an 
algebraically split link L with framing ±1 on each component. Here a link is said to be algebraically 
split if the linking number between any two distinct components is 0. Surgery on two algebraically 
split, ±1 framing links L and L' give the orientation-preserving homeomorphic integral homology 
3-spheres if and only if L and L' are related by a sequence of Hoste moves (see Figure [7]) |Ha 6 ] . 
Hence, in order to construct an invariant of integral homology 3-spheres, it suffices to construct an 
invariant of algebraically split, ±1 framing links which is invariant under the Hoste moves. 

To construct such a link invariant, we use the universal quantum invariant of bottom tangles 
associated to the quantum group U/^g). Here a bottom tangle is a tangle in a cube consisting of 
arc components whose endpoints are on the bottom square in such a way that the two endpoints 
of each component is placed side by side (see Section [2TTT1) . For an n-component bottom tangle T, 
the universal g quantum invariant Jt = of T is defined by using the universal i?-matrix and 
the ribbon element for the ribbon Hopf algebra structure of U/ t (g), and takes values in the n-fold 
completed tensor power U/^g)®" - . 

The invariant Jm € Z[g] is defined as follows. As above, let L be an n-component algebraically 
split framed link with framings ei,...,e re € {±1}, and assume that = M. Let T be an n- 
component bottom tangle whose closure is isotopic to L, where the framings of T are switched to 
0. Define 

(5) Jm '■= (T ei <S> ■ ■ ■ <8> 7^J(Jt)- 

Here T±: U/^g) —-> C[[h]] are partial maps (i.e. maps defined on a submodule of U^) defined 
formally by 

T±(x) = (x,!^ 1 ), 

where r € U^(g) is the ribbon element, and 

U:U h (g)®U A (g) -- C[[h]\ 

is the quantum Killing form, which is a partial map. The tensor product T €l < 8 > ■ ■ ■ < 8 > 7^„ is not well 
defined on the whole U/>(g)® n , but is well defined on a Z[g]-submodule K n C U/j(g)® n and we have 
a Z[g]-module homomorphism 

Tei <8> ■ ■ ■ <8> T en '■ IC n —> Z[g]. 

Here we regard Z [q\ as a subring of C[[h]] by setting q = exp h. The module K, n contains Jt for all 
n-component, algebraically split 0-framed links T. We will prove that Jm as defined in (JSJ) does 
not depend on the choice of T and is invariant under the Hoste moves. Hence Jm € Z[g] is an 
invariant of an integral homology sphere. 

One step in the construction of Jm is to construct a certain integral form of the quantum group 
U/i(g) which is sandwiched between the Lusztig integral form and the De Concini-Procesi integral 
form. 
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1.4.2. Second step: specialization to the WRT invariant at roots of unity. The next step is to prove 
the specialization property ev^T^) = T® f (£) for each £ G Z g . Once we have proved this identity, 

uniqueness of Jm follows since every element of Z[q] is determined by the values at infinitely many 
£ € Z of prime power order, see Section 11.21 

1.5. Organization of the paper. In Section [2] we give a general construction of an invariant of 

integral homology 3-spheres from what we call a core subalgebra of a ribbon Hopf algebra. Section [3] 
introduces the quantized enveloping algebra U/ l (g) and its subalgebras. In Section H] we construct 
a core subalgebra of the ribbon Hopf algebra which is U/,, with a slightly bigger ground 

ring. From the core subalgebra we get invariant Jm of integral homology 3-spheres. In Section 0 
we construct an integral version of the core algebra. Section [S] a (generically non-commutative) 
grading of the quantum group is introduced. In Section [7] we prove that Jm € Z[<j]. In Section [8] we 
show that the WRT invariant can be recovered from Jm, proving the main results. In Appendices 
we give an independent proof of a duality result of Drinfel’d and Gavarini and provide proofs of a 
couple of technical results used in the main body of the paper. 

1.6. Acknowledgements. The authors would like to thank H. Andersen, A. Beliakova, A. Bruguieres, 
C. Kassel, G. Masbaum, Y. Soibelman, S. Suzuki, T. Tanisaki, and N. Xi for helpful discussions. 
Part of this paper was written while the second author was visiting Aarhus University, University 

of Zurich, RIMS Kyoto University, ETH Zurich, University of Toulouse, and he would like to thank 
these institutions for the support. 
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2. Invariants of integral homology 3-spheres derived from ribbon Hopf algebras 

In this section, we give the part of the proofs of our main results, which can be stated without 
giving the details of the structure of the quantized enveloping algebra U/,, = Uh(s)- We introduce 
the notion of a core subalgebra of a ribbon Hopf algebra and show that every core subalgebra gives 
rise to an invariant of integral homology 3-spheres. 

2.1. Modules over C[[h]]. Let C[[h]] be the ring of formal power C-series in the variable h. 

Note that C[[h]] is a local ring, with maximal ideal ( h ) = hC[[h]]. An element x = Yl x k h k G 
C[[h]] is invertible if and only if the constant term xq is non-zero. 

2.1.1. h-adic topology, separation and completeness. Let V be a C[[h]]-module. Then V is equipped 
with the h- adic topology given by the filtration h k V, k > 0. Any C[[h]]-module homomorphism 
/ : V —>• W is automatically continuous. In general, the h- adic topology of a C[ [h] ]-submodule W 
of a C[[h]]-module V is different from the topology of W induced by the h-adic topology of V. 

Suppose I is an index set. Let V 1 be the set of all collections x\ G V. We say that a 

collection (xi) iei € V 1 is 0 -convergent in V if for every positive integer k, Xi € h k V except for a 
finite number of i G I. In this case, the sum Xi is convergent in the h-adic topology of V. If 
I is finite, then any collection (xi)i^i is 0-convergent. 

The h-adic completion V of V is defined by 

V = hm V/h k V. 

k 

A C[[h]]-module V is separated if the natural map V —>• V is injective, which is equivalent to 
n k h k V = {0}. If V is separated, we identify V with the image of the embedding V » V. 

A C[[h]]-module V is complete if the natural map V —>• V is surjective. 

For a C[[h]]-submodule IF of a completed C[[h]]-module V, the topological completion of W in 
V is the image of W under the natural map W —> V = V. One should not confuse the topological 
completion of W and the topological closure of W, the latter being the smallest closed (in the 
h-adic topology) subset containing W. See Example 12.21 below. 

2 .1.2. Topologically free modules. For a vector space A over C, let A[[h]] denote the C[[h]]-module 
of formal power series ^Vri>o an ^ n ’ a n € A. Then A[[h]\ is naturally isomorphic to the h-adic 
completion of A <g)c C[[h]]. 

A C[[h]] -module V is said to be topologically free if V is isomorphic to A[[h]] for some vector space 
A. A topological basis of V is the image by an isomorphism A[[h]] = V of a basis of A C A[[h]]. 
The cardinality of a topological basis of V is called the topological rank of V. 

It is known that a C[[h]]-module is topologically free if and only if it is separated, complete, and 
torsion-free, see e.g. (Kassl Proposition XVI.2.4]. 

Let I be a set. Let C[[h]] y = IXe/C^h]] be the set of all collections (xi)i & j, x% € C[[h]]. 
Let (C[[h]] 7 )o C C[[h]] J be the C[[h]]-submodule consisting of the 0-convergent collections. Then 
(C[[h]] J )o = (C/)[[h]] is topologically free, where Cl is the vector space generated by I. 
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Note that C[[h]]^ also is topologically free. In fact, we have a C[[h]]-module isomorphism C[[h]]^ = 
C^[[/i]]. If I is infinite, then the topological rank of C[[h]]^ is uncountable. 

For j G /, define a collection 5j = ((<5j)j)j g j € (C[[/i]] / )q by 


( 6 ) 


(*i)i 



if i = j 
if i^j. 


Suppose Fisa topologically free C[ [fa]]-module with the isomorphism / : (C[[fa]] J )o —>• V. Let 
e{i) = f(6i ) € V. For x € V, the collection (xj)j g / = f~ 1 (x ) is called the coordinates of x in the 
topological basis We have then 

( 7 ) x = ^2 / x i e{i), 

i&I 

where the sum on the right hand side converges to x in the fa-adic topology of V. 


2.1.3. Formal series modules. A C[[fa]]-module V is a formal series C [[h]\-module if there is a 
C[[fa]]-module isomorphism / : C[[fa]] 7 — > V for a countable set I. 

Remark 2.1. Besides the fa-adic topology, another natural topology on <C[[fa]] 7 = C[[fa]] 

the product topology. (Recall that the product topology of C[[fa]] is the coarsest topology with 
all the projections pi : ILe/ C[[h]] —>• C [[h]] being continuous.) 

Suppose R is a formal series module, with an isomorphism / : —>• V. Let e(i) = f(5i), 

where 6i is defined as in ([6]). The set (e(i) | i € 1} is called a formal basis of V. 

For x € V the collection f~ 1 (x) € C[[/i]]^ is called the coordinates of x in the formal basis 
(e(i) | i € /}. Unlike the case of topological bases, in general the sum Yliei x i e (i) does not 
converge in the /i-adic topology of V (but does converge to x in the product topology). However, it 
is often the case that V is a C [ [h] ] -submodule of a bigger C[[/i]]-module V' in which (e(i) | i € 1} is 
O-convergent. Then the sum though not convergent in the /i-adic topology of V, does 

converge (to x) in the h- adic topology of V'. 

Example 2.2. The following example is important for us. 

Suppose V is a topologically free C[[h]]-module with a countable topological basis {e(i) \ i € I}. 
Assume that a : I C[[/i]] is a function such that a(i) / 0 for every i € I and (a(i))j g / is 0- 
convergent. Let V(a) be the topological completion in V of the C[[/i]]-span of {a(i)e(i) \ i € I}. 
Then V(a) is topologically free with {a(i)e(i) \ i € 1} as a topological basis. 

The submodule V{a) is not closed in the h-adic topology of V. The closure V(a) of V{a) in the 
h- adic topology is a formal series C[[h]]-module, with an isomorphism 

/: C[[h]] 7 ->• V, Si ha a(i)e(i). 

The topology of V(a) induced by the h- adic topology of V is the product topology. 

If x € V(a), then we have a unique presentation 

(8) x = y Xj(a(i)e(i)) 

iei 

where {xi) ieI G (C[[h]] 7 ) 0 . 
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If x G V(a), then x also has a unique presentation with G C[[/i]] J . 

2.1.4. Completed tensor products. For two complete C[[/<]]-modules V and V ', the completed tensor 
product V®V' of V and V is the h -adic completion of V <g) V', i.e. 

V®V' = ]pn{V ® V')/h n {V ® V'). 

n 

Suppose both V and V' are topologically free with topological bases {b(i) \ i G 1} and {U(j) \ j G J} 
respectively. Then V<S)V' is topologically free with a topological basis naturally identified with 
{b{i) <g> b'(j) \i€l,j G J}. 

Proposition 2.3. Suppose W±, Vi, Wjj, V 2 are topologically free C [[h]\-modules, where Wj is a sub- 
module of Vj for j = 1,2. 

Then the natural maps W\ <g> W 2 —t Vi ® V 2 and W\ (E 1 W 2 -A Vi®V 2 are injective. 

Proof. The map Wi <8) W 2 -A I j <8) V 2 is the composition of two maps W\ <g> Wi -A Wi <8) V 2 and 
VFi V 2 —> V\ (g) V 2 • This reduces the proposition to the case W 2 = V 2 , which we will assume. 

Let i : W\ ^A V\ be the inclusion map. We need to show that t<8> id : W\ (g> V 2 -> If <8> V 2 and 
«g) id : W\®V 2 -A Vi®V 2 are injective. 

Since W\ <8) V 2 is separated, we can consider Wi <g) V 2 as a submodule of ILjtgVi. Then t (g) id is 
the restriction of t<8)id. Thus, it is enough to show that tig) id is injective. 

Suppose x G Wi&Vfc such that (t(g)id)(x) = 0. We have to show that x = 0. 

Let {b(i),i G 1} be a topological basis of V 2 . Using a topological basis of W± one sees that x has 
a unique presentation 

(9) x = y^Xj (g) b(i), 

iei 

where x % G W±, and the collection (Xj)* e j is 0-convergent in Vi. Then we have 

0 = (tig) id)(x) = ^ i{xi) ® 6(i) €E Vi®!^. 
iei 

The uniqueness of the presentation of the form Q for elements in Vi<g>V 2 implies that i{xi) = 0 for 
every i G I. Because t is injective, we have Xi = 0 for every i. This means x = 0, and hence «g> id 
is injective. □ 

2.2. Topological ribbon Hopf algebra. In this paper, by a topological Hopf algebra = 
(Jf, p, r], A, e, S) we mean a topologically free C[[/i]]-module Jf? of countable topological rank, 
together with C[[/i]]-module homomorphisms 

/i: ^ Jt?, V- C[[/i]] -A JF, A: JT -a e: jr^C[[L]], S: Jt? ^ dti? 

which are the multiplication, unit, comultiplication, counit and antipode of Jf?, respectively, satis¬ 
fying the usual axioms of a Hopf algebra. For simplicity, we include invertibility of the antipode in 
the axioms of Hopf algebra. We denote 77 ( 1 ) by 1 G 

Note that J4? is a C[[/i]]-algebra in the usual (non-complete) sense, although J4? is not a C[[/i]]- 
coalgebra in general. A (left) ^-module V (in the usual sense) is said to be topologically free if 
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V is topologically free as a C[[/t]]-module. In that case, by continuity the left action JIP <g> V —>• V 
induces a C[[/i]]-module homomorphism 

->• V. 

For details on topological Hopf algebras and topologically free modules, see e.g. (Kassl Section 
XVI. 4]. 

Let —> J4? and be respectively the multi-product and the multi¬ 

coproduct defined by 

= Ai(id®/i)... (id® (n " 3) ®/x)(id® (n - 2) <g>/x) 

A N = ( id <s>(^-2) <g,A)(id® (n - 3) <g>A)... (id®A)A 

with the convention that AW = pW = id, AM = e, and = r/. 

A universal R-matrix |Dr| for Jf? is an invertible element 72 = ^ a ® /3 € satisfying 

72A(x)72X( 2 ) <8> X(i) for a; € Jff, 

(A ® id)(72.) = 72i37223, (id<8>A)(72) = 'Riz'Rii-, 

where A(x) = ^ jcm ® X( 2 ) (Sweedler’s notation), and 72 i 2 = a ® (3 <g> 1, 72i3 = X] a ® ® Pi 
72 2 3 = ^l®a®/3. A Hopf algebra with a universal 77- matrix is called a quasitriangular Hopf 
algebra. The universal 77-matrix satisfies 

72 _1 = (5® id) (72) = (id®5 _1 )(72), (e <8)id)(72) = (id<8>e)(72) = 1 

(10) (5®5)(72) = 72. 

A quasitriangular Hopf algebra (Jff,72) is called a ribbon Hopf algebra (ETT| if it is equipped 
with a ribbon element, which is defined to be an invertible, central element r € Jt? satisfying 

r 2 = u5(u), 5 ( r) = r, e(r) = 1, A(r) = (r <g) r)(72 21 72) _1 , 

where u = S(f3)a € J4? and 72 2 i = X) /? ® a G 

The element g := ur" 1 G 3#?, called the balanced element, satisfies 

A(g) = g ® g. 5(g) = g _1 , g:rg _1 = S 2 (x) for x € JF. 

See jKassl IOht5l ITurj for more details on quasitriangular and ribbon Hopf algebras. 

2.3. Topologically free ^-modules. The ground ring C[[/i]] is considered as a topologically free 
J^-module, called the trivial module, by the action of the co-unit: 

a ■ x = e(o) x. 

Suppose V,W are topologically free ^-modules. Then V®W has the structure of 
module, given by 

(a <g> b) ■ (x <g> y) = (a • x) <g> (b ■ y ). 

Using the comultiplication, V®W has an ,?l ?-module structure given by 

a ■ (x <8> y) := A(a) • (x ® y) = ^ a^x ® a( 2 )y. 
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An element x £ V is called invariant (or -invariant) if for every a £ 

a ■ x = e(a) x. 

The set of invariant elements of V is denoted by V mv . The following is standard and well-known. 

Proposition 2.4. Suppose V and W are topologically free Jif-modules, and f : V(&W —>■ C[[/i]] is 
a C[[h]\-module homomorphism. 

(a) An element x € V®W is invariant if and only if for every a € Jtf, 

( 11 ) (5(a) <8 1 ) • x = (1 (8 a) ■ x. 

(b) Dually, f is an -module homomorphism if and only if for every a £ and x £ V®W, 

/[(a < 8 > 1) • (x)] = /[(1 ( 8 > 5(a)) • (x)]. 

(c) Suppose f is an -module homomorphism, and x £ V is invariant. Then the C [[h]\-module 
homomorphism 

f x : W -A- C[[h}\, ye^f(x®y), 
is an -module homomorphism. 

(d) Suppose g : V —>• C[[/i]] is an Jif-module homomorphism. Then for every i with 1 < i < n, 

(id®( i- 1 ) ® 0 ®id® (n-<) ) ((P® n ) inv ) c (y®!”- 1 ))^. 

Proof, (a) Suppose one has (HU). Let a £ with A(a) = Yl a (i) ® a ( 2 )- Assume x = ^x' <8 x". 
By definition, 

a ■ x = ^(a(i) <8 0 ( 2 )) ' (x ' <8 x") = ^(o(i) <8 1)(1 <8 a( 2 )) ■ (x ' (8 x") 

= X]( a (l) 0 1 ) ' ( X ' ® a (2) • X ") 

= J^(a (1) <8 1) (5(a (2) ) • x' <8 x") 

= ^(a(!)5(a( 2 )) (8 1 ) • (x f (8 x") = e(a) x, 
which show that x is invariant. 

Conversely, suppose x is invariant. From axioms of a Hopf algebra, 

1 < 8 > a = ^(5(a (1) ) <8 1) A(a (2) ). 

Applying both sides to x, we have 

(1 <8 a) ■ x = ^(5(a (1) ) <8 1 ) • (a (2) • x) 

= ^^(5(a(x)) (8 1 ) • (e(a( 2 )) x) by invariance 
= (5(a) (8 1) • x, 


which proves (HD. 

(b) The proof of (b) is similar and is left for the reader. Statement (b) is mentioned in textbooks 
pal Section 6.20] and jKlSl. Section 6.3.2], 
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(c) Let a E and y € VU. One has 

fx(a-y) = f(x<8> (a ■ y)) 

= f(S~ 1 (a ) • x <8> y) by part (b) 

= e (5 -1 (a)) f(x <g> y) by invariance of x 
= e(a)f x (y) since e (S _1 (a)) = e(a). 

This proves f x is an M 1 - module homomorphism. 

(d) The map g := id®(* _1 ) ® g <8> id®( n_ ^ is also an J^-module homomorphism. Hence for every 
a € JT and x € (V® n ) inv , 

a ■ g(x) = g{a ■ x) = g(e(a)x) = e(a)g(x). 

This shows g(x) is invariant. □ 

2.4. Left image of an element. Let V and W be topologically free C[[/i]]-modules. 

Suppose x E V®W . Choose a topological basis {e(i) \ i € 1} of W . Then x can be uniquely 
presented as an h-adically convergent sum 

(12) x = y^^Xj ® e(i), 

iei 

where {x* E V \ i E 1} is O-convergent. The left image V x of x € V ®W is the topological closure 
(in the h- adic topology of V) of the C[[/i]]-span of {xj | i € I}. It is easy to show that V x does not 
depend on the choice of the topological basis (e(i) | i E 1} of W . 

Proposition 2.5. Suppose V,W are topologically free -modules. Let x € V®W and let V x C V 
be the left image of x. 

(a) If x is J4?-invariant, then V x is J^-stable, i.e. ■ V x C V x . 

(b) If (f®g){x) = x, where f : V —» V and g : W —> W are C [[h]\-module isomorphisms, then 
f(V x ) = V x . 

Proof. Let {e(i) | i E 1} be a topological basis of W, and x* be as in (fl2l) . 

(a) By Proposition I2.4l a). the ^-invariance of x implies that for every a E 

(13) ^2 a ' x i ® e(z) = Xj <8> S~ 1 (a) ■ e(j). 

ie/ jei 

Using the topological basis {e(i)}, we have the structure constants 

S-\a) • e(j) = ^a)e{i), 
iei 

where a)- € C[[/&]]. Using this expression in (fT3l) . 

a - Xi® e(i) = ^ ^ OjXj ® e(i). 
iei iei jei 

The uniqueness of expression of the form (1121) shows that 

a- x i = '22 a ) x i € Vx - 

jei 
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Since the C[[/i]]-span of Xi is dense in V x and the action of a is continuous in the h -adic topology 
of V, we have a ■ V x C V x . 

(b) Using x = (f®g)(x), we have 

x = ^f{xi)®g(ei). 
i 

Since g is a C[[/i]]-module isomorphism, {g(ei)} is a topological basis of W. It follows that V x is the 
closure of the C[[/i]]-span of {/(xj) \ i £ /}. At the same time V x is the closure of the C[[/i]]-span 
of {xi | i £ I}. Hence, we have /( V x ) = V x . □ 

2.5. Adjoint action and ad-invariance. Suppose is a topological ribbon Hopf algebra. The 
(left) adjoint action 

ad: 

of on itself is defined by 

ad(x<g> y) = ^X(i)y5(x (2 )). 

It is convenient to use an infix notation for ad: 

x > y = ad(x ® y)■ 

We regard J'Sf as a (topologically free) J^-module via the adjoint action, unless otherwise stated. 
Then becomes a topologically free ^-module, for every n > 0. The action of x £ ^ on 

y € is denoted by x > n y. 

To emphasize the adjoint action, we say that a C[[/i]]-submodule V C is ad-stable if V is 

an ^-submodule of . An element x £ is ad-invariant if it is an invariant element of 

unc i er ti ie adjoint actions. For example, an element of is ad-invariant if and only if it is 
central. 

For ad-stable submodules V C ® n and W C a C[[/i]]-module homomorphism / : V —> 

W is ad-invariant if / is an ^-module homomorphism. 

In particular, a linear functional / : V —» C[[/i]], where V C is ad-invariant if V is ad-stable 

and for x € y € V, 

f{x> n y) = e(x)f(y). 

The main source of ad-invariant linear functionals comes from quantum traces. Here the quantum 
trace trj' : dft? —>• C[[/i]] for a finite-dimensional representation V (i.e. a topologically free Jt?'- 
module of finite topological rank) is defined by 

trj (x) = tr l (gx’) for x £ 

where tr^ denotes the trace in V. It is known that tr^: J4? —» C[[/i]] is ad-invariant. 

2.6. Bottom tangles. Here we recall the definition of bottom tangles from jHa41 Section 7.3]. 

An n-component bottom tangle T = Tj U ■ ■ ■ U T n is a framed tangle in a cube consisting of n arc 
components Tj,..., T n such that all the endpoints of the T) are in a bottom line and that for each 
i, the component T* runs from the 2ith endpoint to the (2 i — l)th endpoint, where the endpoints 
are counted from the left. See Figure [U (a) for an example. In figures, framings are specified by 
the blackboard framing convention. 
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(a) 



(b) 


Figure 1. (a) A 3-component bottom tangle T = T± UT 2 UT 3 . (b) Its closure cl(T) = L\ UT 2 UT 3 . 




Figure 2. Fundamental tangles: vertical line, positive and negative crossings, local minimum and 
local maximum. Here the orientations are arbitrary. 


1 






Figure 3. How to put elements of Jtf on the strings. Here R = ^ a (g> /? and A -1 = ^ a ® j3. For 
each string in the positive and the negative crossings, "S'" should be replaced by id if the string is 
oriented downward, and by S otherwise. 

The closure cl(T) of T is the n-component, oriented, ordered framed link in S 3 , obtained from 
T by pasting a “U-shaped tangle” to each component of L. as depicted in Figured] (b). For any 
oriented, ordered framed link L, there is a bottom tangle whose closure is isotopic to L. 

The linking matrix of a bottom tangle T = T\ U • • • U T n is defined as that of the closure T. 
Thus the linking number of Tj and Tj, i 7 - j, is defined as the linking number of the corresponding 
components in cl(T), and the framing of Tj is defined as the framing of the closure of Tj. 

A link or a bottom tangle is called algebraically-split if the linking matrix is diagonal. 

2.7. Universal invariant and quantum link invariants. Reshetikhin and Turaev |RT1] con¬ 
structed quantum invariants of framed links colored by finite dimensional representations of a 
ribbon Hopf algebra, e.g. the quantum group U/ l (g). Lawrence, Reshetikhin, Ohtsuki and Kauff¬ 
man jLal . Resl IQhtll IKau] constructed “universal quantum invariants” of links and tangles with 
values in (quotients of) tensor powers of the ribbon Hopf algebra, where the links and tangles are 
not colored by representations. We recall here construction of link invariants via the universal 
invariant of bottom tangles. We refer the readers to |Ha4l for details. 

Fix a ribbon Hopf algebra Let T be a bottom tangle with n components. We choose a 
diagram for T, which is obtained from copies of fundamental tangles , see Figure El by pasting 
horizontally and vertically. For each copy of fundamental tangle in the diagram of T, we put 
elements of Jf? with the rule described in Figure [3] 

We set 

Jt .— ^ ^ Xfi £ 
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“\//9 0 \/<* 

A A 


Figure 4. Assignments on positive and negative crossings. 

where each Xi is the product of the elements put on the z-th component T), with product taken 
in the order reversing the order of the orientation. The (generally infinite) sum comes from the 
decompositions of 7vA’ as (infinite) sums of tensor products. It is known that Jt gives an isotopy 
invariant of bottom tangles, called the universal invariant of T. Moreover, Jt is ad-invariant ( IKel . 
see also M). 

Let Xi, ■ ■ ■, Xn : ^ —> C[[/i]] be ad-invariant. In other words, xi) ■ ■ ■, Xn are J^-module homo- 
morphisms. As explained in (Had] , the quantity 

{xi® ■ ■ ■ ®Xu){Jt) € C[[A]] 
is a link invariant of the closure link cl(T) of T. 

In particular, if xi, ■ ■ ■, Xn are the quantum traces trj' 1 ,..., trj' ri in finite-dimensional represen¬ 
tations V\., V n , respectively, then 

(tr)h<g) • • ■ (g)tr^)(J T ) € C[[h]\ 

is the quantum link invariant for cl(T) colored by the representations Vf,..., V n . 

2.8. Mirror image of bottom tangles. 

Definition 1. A mirror homomorphism of a topological ribbon Hopf algebra is an h-adically 
continuous C-algebra homomorphism ip : 3X? —satisfying 

(14) (tp®<p)K = IZfl 

(15) [ip®ip) 2 Jl = 1Z 

(16) Ag)=g- 

In general, such a if is not a C[[/i]]-algebra homomorphism. In fact, what we will have in the 
future is ip(h) = —h. 

For a bottom tangle T with diagram D let the mirror image of T be the bottom tangle whose 
diagram is obtained from D by switch over/under crossing at every crossing. 

Proposition 2.6. Suppose ip is a mirror homomorphism of a ribbon Hopf algebra JX?. IfT' is the 
mirror image of an n-component bottom tangle T, then 

Jt' = AAA)- 

Proof. Let D be a diagram of T. By rotations if necessary at crossings, we can assume that the two 
strands at each crossing of D are oriented downwards. Then at each crossing, we assign a and /3 to 
the strands if the it is positive, and we assign (3 and a to the strands if it is negative, at the same 
spots where we would assign a and /3 if the crossing were positive, see Figure [IJ Here 1Z = ^a,® (3 
and HP 1 = Jfa ® (3. Conditions (fl4l) . (fT5j) implies that 

= AA « A/A a ® z 3 = A/3) ® A«)- 
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Figure 5. The clasp tangle C + . 


Together with (j!6(i this shows that the assignments to strands of diagram D' of T' can be obtained by 
applying p to the corresponding assignments to strands of D. Since p is a C-algebra homomorphism, 
we get Jt 1 = p® n (JT )• □ 


2.9. Braiding and transmutation. Let 1Z = a <8> P be the /?,-matrix. The braiding for Jif and 
its inverse 

are given by 

(17) i/>(x <S> y) = ^(/3 > y) <g> (a >x), <8 ) y) = S(a ) >y) 0 (/3 > x). 


The maps p, rj, e are J^-module homomorphisms. In particular, we have 
(18) x>yz = ^(£( 1 ) >y)(x( 2 ) > 2 :) for x, y, z € Jf 7 . 

In general, A and S' are not Jt ?-module homomorphisms, but the following twisted versions of A 
and S introduced by Majid (see |Majl| [Maj2| ) 

A: 


dehned by 

(19) A(x) = ^2 x (i) S (P) ® (« > X(2)) = > X(2 )) ® a»(i), 

(20) S(x) = ^^/3S(ai>x) = S _1 (/3 > a:)5(a), 

for x € J# 9 , are ^'-module homomorphisms. Geometric interpretations of A and S_ are given in 

[Ha4] , 


Remark 2.7. := forms a braided Hopf algebra in the braided category of 

topologically free modules, called the transmutation of |Maj 1 Maj2|. 


2.10. Clasp bottom tangle. Let C + be the clasp tangle depicted in Figure EJ We call c = J c + € 
J^® 2 the clasp element for With 1Z = ^ a <S> /3 = a> ® ft', we have 

(21) c = (S® id)(ft 21 ft) = ^ S{ol)S(P') <g> c//3. 


Let C be the mirror image of C' + , see Figure El and c = J c - € J^® 2 . 

Let (C+y be the tangle obtained by reversing the orientation of the second component of C' + , 
and ( C + )" be the result of putting ( C + )' on top of the tangle j j , see Figure El By the 
geometric interpretation of S, see |Ha41 Formula 8-10], we have 


J(C+)" — (id®5)J(7+. 
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r\r\ 



Figure 6. The negative clasp C (on the left) and (C + )" are isotopic. 



surgery 
along K 


inverse 

operation 








+ 1 full twists 







Figure 7. A Hoste move (including the case when there are no vertical strands). Here both these 
two framed links are algebraically-split and ±l-framed. 

Since ( C + )" is isotopic to C~ , we have 
(22) c~ = (id (8)5) (c). 

2.11. Hoste moves. It is known that every integral homology 3-sphere can be obtained by surgery 
on S 3 along an algebraically split link with ±1 framings. 

The following refinement of the Kirby-Fenn-Rourke theorem on framed links was first essentially 
conjectured by Hoste (Ho) . (Hoste stated it in a more general form related to Rolfsen’s calculus for 
rationally framed links.) 

Theorem 2.8 ([H a6j). Let L and L' be two (non-oriented, non-ordered) algebraically-split ±1- 
framed links in S 3 . Then L and L' give orientation-preserving homeomorphic results of surgery if 
and only if L and L' are related by a sequence of ambient isotopy and Hoste moves. Here a Hoste 
move is a Fenn-Rourke (FR) move between two algebraically-split, ±1 -framed links, see Figure [?| 

Theorem 12.81 implies that, to construct an invariant of integral homology spheres, it suffices to 
construct an invariant of algebraically-split, ± 1-framed links which is invariant under the Hoste 
moves. 

Lemma 2.9. Suppose f is an invariant of oriented, unordered, algebraically-split Fl-framed links 
which is invariant under Hoste moves. Then f(L) does not depend on the orientation of the link 
L. Consequently, f descends to an invariant of integral homology 3-spheres, i.e. if the results of 
surgery along two oriented, unordered, algebraically-split Fl-framed links L and L' are homeomor¬ 
phic integral homology 3-spheres, then f(L) = f(L'). 

Proof. Suppose K is a component of L so that L = L\ U K. We will show that / does not depend 
on the orientation of K by induction on the unknotting number of K. 

First assume that K is an unknot. We first apply the Hoste move to K, then apply the Hoste 
move in the reverse way, obtaining L\ U (-K), where — K is the orientation-reversal of K. This 
shows f(L\ U K ) = f(L\ U (— K)). 
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Figure 8. The trivial bottom tangle. 




Figure 9. (a) The tangle T. (b) The tangle T'. 

Suppose K is an arbitrary knot with positive unknotting number. We can use a Hoste move to 
realize a self-crossing change of K, reducing the unknotting number. Induction on the unknotting 
number shows that / does not depend on the orientation of K. □ 


2.12. Definition of the invariant Jm for the case when the ground ring is a field. In this 
subsection, we explain a construction of an invariant of integral homology spheres associated to a 
ribbon Hopf algebra over a field k, equipped with “full twist forms”. In this section lSection l2.12p . 
and only in this section, we will assume that J4? is a ribbon Hopf algebra over a field k. This 
assumption simplifies the definition of the invariant. 

2.12.1. Full twist forms. Recall that c = J^+ € <8 ■ffi’ is the universal invariant of the clasp 

bottom tangle, and r is the ribbon element. 

A pair of ad-invariant linear functionals 7+, 7T : iff —» k are called full twist forms for if 

(23) (7i®id)(c) =r ±1 . 

The following lemma essentially shows how the universal link invariant behaves under the Hoste 
move, if there are full twist forms. 

Lemma 2.10. Suppose that a ribbon Hopf algebra admits full twist forms (7+,7T). Let T = 
Ti U • • • U T n be an n-component bottom tangle (n > 1) such that the first component T\ of T is a 
1-component trivial bottom tangle (see Figure E|). Let V = V 2 U • • • U T' n be the (n — 1 ^-component 
bottom tangle obtained from T \ T\ = T 2 U • • • U T n by surgery along the closure of T\ with framing 
±1 (see Figure 0). Then we have 

(24) J T , = (T± (8) id^-^XJr). 


Proof. In this proof we use the universal invariant for tangles that are not bottom tangles. For 
details, see (Ha41. Section 7.3]. 
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Figure 10. (a) The tangle T Pi9 . (b) The tangle Tf q . ±1 . 

If Tp q is a (p + q + l)-component tangle as depicted in Figure fTOV a) with p, q > 0, then we have 

J Tpq = (id®id® p ®S®«)(id®A> f «])(c). 


The tangle T' v ±1 obtained from T p ^ q \ T\ by surgery along the closure of the first component T\ 
of T Pt q with framing ±1 (see Figure HUfb)) has the universal invariant 

= (id® p ®5^)A[P+'?](r ±1 ). 

Since 7± is a full twist form, it follows that 

(T ± ®id®H’ + ’))(Jr„) = J TLq - 

The general case follows from the above case and functoriality of the universal invariant, since 
T can be obtained from some T Pj(? by tensoring and composing appropriate tangles. □ 

2.12.2. Invariant of integral homology 3-spheres. We will show here that a ribbon Hopf algebra Jrf? 
with full twist forms T± gives rise to an invariant of integral homology spheres. 

Suppose T is an n-component bottom tangle with zero linking matrix and £\,... ,e n € {1,-1}. 
Let M = M(T\e i,... ,£n) be the oriented 3-manifold obtained by surgery on S' 3 along the framed 
link L = L(T'£i, ... ,£ n ), which is the closure link of T with the framing on the z-th component 
switched to £j. Since L is an algebraically split link with ±1 framing on each component, M is an 
integral homology 3-sphere. Every integral homology 3-sphere can be obtained in this way. 

Proposition 2.11. Suppose is a ribbon Hopf algebra with full twist forms T±, and M = 
M(T;e i,... ,£ n ) is an integral homology 3-sphere. Then 

Jm '■= ('Tei ® ® 7e„)(-7r) € k 

is an invariant of M. In other words, i/M(T;ei,... ,£ n ) = M(T / ;£ / 1 ,... then 

(T ei ® ... ^TeJiJr) = (' T e > <8>... ){Jt')- 

1 n' 

Proof. Since T± are ad-invariant, ( T ei • • • <8> 7^„)(Jt) depends only on ei,..., e n and the oriented, 
ordered framed link cl(T), but not on the choice of T, see e.g. I Hall Section 11.1]. This shows 
(T n <8 ) ... (g> 7 '€„)(Jt) is an invariant of framed link L(T ; £\,..., £ n ). 

We now show that (T ei <8>... <8> does not depend on the order of the components of L. 

Suppose L = L(T ; £i,..., e n ) and L' is the same L , with the orders of the (i + l)-th and (i + 2)-th 
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Figure 11. Modification of a bottom tangle with a braid of bands. 

switched. Then L' = L{T'\ . .., e' n ), where T' is T on top of a simple braid of bands which 

switches the i + 1 and i + 2 components, see Figure [TTJ Also, e'- = £j for j / j+l,i + 2, and 

£ 'i+1 = £ i+2 ) £ 'i+2 = £ i+1 - 

According to the geometric interpretation of the braiding |Ha4l Proposition 8.1], 

J T > = (id®*®^®^ ® n - i “ 2 )(J T ). 


By (HZD, 

t/>(x <g> y) = a > a;), where 1Z = a.® ft. 

Since (e 0 e)(77) = 1 and T± are ad-invariant, 

(T ei <8> ... <S> T e J(Jr) = (7^ <8> ... <8> T e ’ n )(J T ')- 

Thus, (7^ x <8 ) ... <S> 7e n ){Jt) is an invariant of oriented, unordered framed links. 

By Proposition 12.101 (T ei ®... <S>Te n )(JT) is invariant under the Hoste moves. Lemma [2.91 implies 
that (T ei <8> • • • <8> 7^„)(Jt) descends to an invariant of integral homology 3-spheres. □ 

2.12.3. Examples of full twist forms: Factorizable case. A finite-dimensional, quasitriangular Hopf 
algebra over a held k is said to be factorizable if the clasp element c £ J4? <g>k is non-degenerate 
in the sense that there exist bases {c '(i),i £ 1} and {c£ 1} of J4? such that 

c = ^ c'(i) <8> c "(i). 
iei 

This dehnition of factorizability is equivalent to the original dehnition by Reshetikhin and Semenov- 
Tian-Shansky iRSi . 

Suppose Jf? is a factorizable ribbon Hopf algebra. The non-degeneracy condition shows that 
there is a unique bilinear form, called the clasp form, 

2 ^: k 

such that for every x £ J'tf, 

(25) (»£? <8> id)(x 0 c) = x, (id<8>,5f)(c <g> x) = x. 

Using the ad-invariance of c, one can show that <S> -A k is ad-invariant. Since r^ 1 are 

ad-invariant, the form T ±: Jrf? -A k defined by 

(26) T±{x) := 5f(v ±l ®x), 

is ad-invariant and satishes (1231) due to (1251) . Hence 7+ and 7L are full twist forms for iff , and 
defines an invariant of integral homology 3-sphere according to Proposition 12.111 
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Remark 2.12. Given a finite-dimensional, factorizable, ribbon Hopf algebra JJP, one can construct 
the Hennings invariant for closed 3-nranifolds { He i IKR[ IOht2l IKel Ly ISal IVil IHa4j . The invariant 
given in Proposition 12.111 constructed from the full twist forms in (|26D is equal to the Hennings 
invariant. 


2.13. Partially defined twist forms and invariant Jm- Let us return to the case when JJP is a 
ribbon Hopf algebra over C[[/i]]. Recall that is a topologically free ^-module with the adjoint 
action. In general IPP does not admit full twist forms. 

In the construction of the invariant of integral homology 3-spheres in Proposition 12.111 one first 
constructs the universal invariant of algebraically split tangles Jt, then feeds the result to the 
functionals T ei <8> ■ ■ ■ <8> % n which come from the twist forms 7±. We will show that the conclusion 
of Proposition 12.111 holds true if the twist forms T± are defined on a submodule large enough so 
that the domain of T ei <g> ■ ■ ■ ® % n contains all the values of Jt, with T algebraically split bottom 
tangles. 


2.13.1. Partially defined twist forms. Suppose SC C JJP is a topologically free C[[/i]]-submodule. 
By Proposition 12.31 all the natural maps SP® n —> 3P® n —> J^® n and JP ®—>• Jif® n are 
injective. Hence we will consider 3P® n , 3P® n , and ^®JP®^ n ~ 1 ' ) as submodules of J?P® n . This will 
explain the meaning of statements like “c G 3P®IPP”. 

Definition 2. A twist system T = (7±, JH) of a topological ribbon Hopf algebra consists of a 
topologically free C[[h]]-submodule C ITP and a pair of C[[h]]-linear functionals 7± : JP —>• C[[/i]] 
satisfying the following conditions. 

(i) is ad-stable (i.e. SP is stable under the adjoint action of J4?) and T± are ad-invariant. 

(ii) c € 

(Hi) One has 

(T±<g>id)(c) =r ±1 . 

Recall that for an n-component bottom tangle T with zero linking matrix and £i,...,e n G 
{1,-1}, M(T-,e i,...,£„) is the integral homology sphere obtained by surgery on S' 3 along the 
framed link L(T ; E \,..., e n ), which is the closure link of T with the framing on the i-th component 
switched to £j. 

Proposition 2.13. Suppose T = (7±,^) is a twist system of a topological ribbon Hopf algebra 
such that Jt € JH® n for any n-component algebraically split 0-framed bottom tangle T. Let 
M = M(T;e i,... ,e n ) be an integral homology 3-sphere. Then 

Jm ■= (T ei ®...®T en ){J T )eC[[h}\ 

is an invariant of M. In other words, if M(T-,£\,... ,e n ) = then 

{T n ®.. .®T en )(JT) = (T e {-®... ®T t > 

1 n' 

Proof. First we show the following claim, which is a refinement of Lemma 12.101 
Claim. Let T and T' be tangles as in Lemma 12.101 Then Jt G ^1 and 

(27) 


J T < = (Ti^id^-^XJT) G 
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Figure 12. The Borromean tangle 

Proof of Claim. If T P)Cj is a (p + q + l)-component tangle as depicted in Figure fTOl al with p, q > 0, 
then we have 

j Tpq = (id®id® p ®5® 9 )(id®A[ p+ "])(c). 

Since c € SC <g we have 

G 3C%)Jf® p+q . 


Since T is obtained from T Ptq by tensoring and composing appropriate tangles which do not 
involve the first component, we also have 

J T € 

The remaining part of the proof follows exactly the proof of Proposition 12.101 One first verifies 
the case of T p<q using conditions (ii) and (iii) in the definition of twist system, from which the 
general case follows. This proves the claim. □ 

Using the ad-invariance of 7± and (12711 . one can repeat verbatim the proof of Proposition (2TTJ 
replacing <g) by <8> everywhere, to get Proposition 12.131 □ 

2.13.2. Values of the universal invariant of algebraically split tangles. In Proposition 12.131 we need 
J T € 3£® n for an n-component bottom tangle T with zero linking matrix. To help proving 
statement like that, we use the following result. 

Let /C n C n > 0, be a family of subsets. A C[[/i]]-module homomorphism f: \jf a 

a, b > 0, is said to be (JC n )-admissible if we have 

(28) /(ij)(^i+l+a) C K-i+j+b- 

for all i.j > 0. Here /(jj) := id®* <8)/<S> id®- 7 . 

Proposition 2.14 (Cf. Corollary 9.15 of IHa4| ) . Let JC n C , n > 0, be a family of subsets 
such that 

(i) lc[[h]] € /C 0 , ljr € /Ci, b € /C 3 , 

(ii) for x € /C n and y € /C m one has x ® y € K, n+m , and 

(iii) each of fi, if A, 5 is (/C n ) -admissible. 

Then, we have Jt G /C n for any n-component algebraically split, 0-framed bottom tangle T. 

Here b € U® 3 is the universal invariant of the Borromean bottom tangle depicted in Figure fl2l 
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2.14. Core subalgebra. We define here a core subalgebra of a topological ribbon Hopf algebra, and 
show that every core subalgebra gives rise to an invariant of integral homology 3-spheres. 

In the following we use overline to denote the closure in the h- adic topology of 34?® n . 

A topological Hopf subalgebra of a topological Hopf algebra 34? is a C[[/i]]-subalgebra 34?' C 3#? 
such that 9?' is topologically free as a C[[h]]-module and 

A(34?') C 9P'®39”, S ±x {3^') C 

In general, 3%” is not closed in 3JP. 

Definition 3. A topological Hopf subalgebra S3 C 3riP of a topological ribbon Hopf algebra 34? is 
called a core subalgebra of 34? if 

(i) 393 is 34?-ad-stable, i.e. it is an 34?-submodule of 34?, 

(ii) 1Z G 93 ® 393 and g G 9?, and 

(in) The clasp element c, which is contained in 93 ® 93 by (ii) (see below), has a presentation 

(29) c = c'(i) ® c"(i), 

iei 

where each of the two sets {c'(z) | i € 1} and {c"(i) \ i G 1} is 

• 0-convergent in 34?, and 

• a topological basis of 393. 

Some clarifications are in order. As a topological Hopf subalgebra, 393 is topologically free as 
a C[[/i]]-module. By Proposition 12.31 all the natural maps 393® n —> 393® n —> 3$?® n are injective. 
We will consider 93® n as a C[[/i]]-submodule of 9?® n in (ii) above when we take its closure in the 
/i-adic topology of 34?® n . Furthermore, since H3 1 = {S® id)(72.) and g _1 = 5(g), condition (ii) 
implies that € 93 <8> 93 and g ±x € 393. Since Jt, the universal invariant of an n-component 
bottom tangle T, is built from 1Z ±1 and g^ 1 , condition (ii) implies that Jt € 393® n . In particular, 
c € 393 <g) 393. 

Remark 2.15. A core subalgebra has properties similar to, but still different from, those of both 
a minimal Hopf algebra [Rad] and a factorizable Hopf algebra (RSI . Note that the notions of a 
minimal algebra and a factorizable algebra were introduced only for the case when the ground 
ring is a field. Over C[[/i]] the picture is much more complicated. For example, in |Radj it was 
shown that a minimal algebra over a field is always finite-dimensional. Here our core algebras are 
of infinite rank over C[[/i]]. 

From now on we fix a core subalgebra 393 of a topological ribbon Hopf algebra 3%*. 

Lemma 2.16. Suppose f : 34? —>■ 34? is a C [[h]\-module homomorphism such that f(39~) C 393. 
Then f(93) C 393. In particular, 393 is ad-stable. 


Proof. Since / is continuous in the topology of 34?, we have f(93) c 393. 


□ 
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2.14.1. Clasp form associated to a core subalgebra. Suppose SC C SC is a core subalgebra with the 
presentation (l29j) for c. Since (c'(i)} is a topological basis of SC, every y G 3C has its coordinates 
y\ G C[[h]] such that 

y = 

iei 

where (y()i<ei is O-convergent, i.e. (y'j)iei € (C[[/i]] 7 )o. The map y eA (y() is a C[[/i]]-module 
isomorphism from to (C[[/i]] 7 )o- 

The set {c // (i)} is a formal basis of SC, which is a formal series C[[/i]]-module. Every x G SC has 
its coordinates x"- G C [[/&]] such that in the h -adic topology of SC, 

(30) x = ^2x"c"(i), 

iei 

where {x'() i£ i G C[[/i]] i . The map x i-A (x'f) is an C[[/i]]-module isomorphism from SC to C[[/i]] J . 
Define a bilinear form SC = (.,.) : SC <S> SC —>■ C[[/i]], called the clasp form, by 

(x,y) :=Y^x'ly'i. 
iei 

The sum on the right hand side is convergent since (y()j g j is O-convergent. The bilinear form is 
defined so that (c"(i)} and {c'(*)} are dual to each other: 

(31) (c"(i),c'(j)) = <%. 

By continuity (in the /i-adic topology), SC extends to a C[[/i]]-module map, also denoted by SC, 

SC : ~3C®3C ->• C[[h]\. 

The following lemma says that the above bilinear form is dual to c. 

Lemma 2.17. (a) One has c € (SC ®SCC) n (SC®SC). 

(b) For every x € SC and y € SC one has 

(32) (2zf<g)id)(x ® c) = x 

(33) (id <8>Sf)(c ® y) = y 

Remark 2.18. By part (a), c € SC®SC, hence x <8> c € SC®SC®SC. This is the reason why 
the left hand side of (1321) is well-defined as an element of SC. Similarly the left hand side of 
()33l) is well-defined. With this well-definedness, all the proofs will be the same as in the case of 
finite-dimensional vector spaces over a field. 

Proof, (a) Since (c"(i)} is O-convergent in SC, c = c'(i)®c”(i) G SC®SC. Similarly, c G SC®SC. 

(b) Suppose x has the presentation (130]) . By (]3Tj) . we have 

(34) (x,c '(i))=x"(i). 

Thus, we have 

(35) x = ^2(x,c'(i))c"(i), 


which is (1321) . The identity (1331) is proved similarly. 


□ 
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Because r^ 1 € SC , one can define the C[[/i]]-module homomorphisms 

(36) 7± : SS ->• C[[/i]] by T±{y) = (r ±1 ,y). 

Since c is ad-invariant, one can expect the following. 

Lemma 2.19. (a) The clasp form SC : SC®3C —>• C[[/i]] is ad-invariant, i.e. it is an SC-module 
homomorphism. 

(b) The maps 7± : SC —> C[[/i]] are ad-invariant. 


Proof, (a) By Proposition 12.4( b). SC is ad-invariant if and only if for every a € JC, x € SC, and 

V G SC, 

(37) (a > x, y) = (x, S (a) > y ), 

which we will prove now. 

Since c = ^c' (i) (g) c "(i) is ad-invariant, by Proposition 12.4( a). 

5(a) > c '[i) <g) c 7, (i) = c 7 («) <g) a > c "(i). 

i i 

Tensoring with x on the left, and applying SC <S> id, 

J2(x,S(a)>c'(i))c"(i) = ^(x, c'(*)) a > c"(i) 



Tensoring on the right with c'(j) then applying SC , one has 

(x,S(a) > c'(j)} = (a > x, c'(j)), 

which is (1371) with y = c’{j). Since {c / (j)} is a topological basis of SC, (1371) holds for any y € SC. 
(b) follows from Proposition 12.4( c). □ 

Proposition 2.20. Suppose f : dCC —>• dCC and g : SC —>• SC are C [[h]]-module isomorphisms such 
that f(SC) = SC, g(SC) = SC, and (/&<?)(c) = c. Then g{SC) = SC, and for every x € SC, y G SC, 
one has 

(38) (g{x),f(y)) = (x,y). 


Proof. By Lemma 12.161 g± 1 (3C) C SC. It follows that g(SC) = SC. One has 


c = Yl c, w 0 c,, w = /(^w) 0 s , (c"(i)). 
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Since g(x ) € ST, one can replace x by g(x) in ([32]) . 

g(x) = (Jf® id )(g(x) ® c) = ^(Jf® id) (g(x) ® f(c'(i)) ® g(c"(i))) 

i 

i 

= 9 (^2(9{x)J(c'(i)))g(c'\i)) 

Injectivity of g implies 

® = ^2(9(x)J(.c(i)))c'{{). 
i 

Comparing with <135 j) we have, for every i € I, 

(g(x),f(c\i))) = (x,c '(*)), 

which shows that (l38jl holds for y = c'(i), i G I. Hence, (|38j) holds for every y S ST since {c'(i)} is 
a topological basis of ST. □ 

2.14.2. Twist system from core subalgebra. 

Proposition 2.21. The collection T = (7±, SC~) is a twist system for . 

Proof. By definition, is ad-stable. By Lemma 12.191 T± are ad-invariant. By Lemma 12.17( a). 
c € Finally, Identity (l32l) with x = r 1 *" 1 gives 

( 7 ±® id)c = r ±:L . 

This shows T = (7±, 3?) is a twist system. □ 

2.15. From core subalgebra to invariant of integral homology 3-spheres. 

Theorem 2.22. Let ST be a core subalgebra of a topological ribbon Hopf algebra JtfS, with its 
associated StiS-module homomorphisms T± : SC —>• C[[/i]]. Assume T is an n-component bottom 
tangle with 0 linking matrix, e. L € {±1} for i = 1,... ,n, and M = M(T;ei,... ,e n ) is the integral 
homology 3-sphere obtained from S' 3 by surgery along cl (T), with framing of the i-th component 
changed to £i. 

Then Jt € ST® n , and 

Jm:= (T ei ®...®T £n )(J T )eC[[h}} 
defines an invariant of integral homology 3-spheres. 

By Propositions 12.131 and 12.211 to prove Theorem 12.221 it is sufficient to show the following 

Proposition 2.23. Suppose ST is a core subalgebra of a topological ribbon Hopf algebra J4S and T 
is an n-component bottom tangle with 0 linking matrix. Then Jt E ST® n . 


The rest of this section is devoted for a proof of this proposition, based on Proposition 12.141 
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2.15.1. (&® n )-admissibility. The following lemma follows easily from the definition. 

Lemma 2.24. Suppose f : JP® a —» JP® b is a C[[h]\-module homomorphism having a presentation 
as an h-adically convergent sum f = Yhp&p fp such that for each p, f p (3P® a ) C 3P® b , where P is 
a countable set. (Here, the sum f being h-adically convergent means that for each j > 0 we have 
f p (JP® a ) C hijP® b for all but finitely many p € P.) Then f is {SP® n )-admissible. 

Proposition 2.25. Each of pi, , A, S_ is (PP® n )-admissible. 


Proof, (a) Because pi(2P(k>2P) C 3P, by Lemma 12.241 /x is (jr® n )-admissible. 
(b) Because 1Z € SP <8> SP, TZ has a presentation 


H = y>i(p) 8 ) H 2 (p), TZi(p),U 2 {p) € SP, 
p&p 

where the sum is convergent in the h- adic topology of Using the definitions (1T71) -([20]). we 

the following presentations as h-adically convergent sums 


p&p 

where 

■0+(x <g> y) = ^ 7e 2 (p) > y <8> ^i(p) > x 

Y.^p 

p&p 

where 

%(x ®y) = ^2S(Ki(p)) >y® n 2 (p) 

£ 4 . 

pGP 

where 

A P (x) = Y n 2 (p) > ®(2) ® 

£4 

where 

A p (x) = Y^{p) S(Tli>x). 


peP 


Since TZi(p),TZ 2 {p) € SP, which is a topological Hopf algebra, we see that ifif((SP®SP) C SP®3P, 
A p (SP) C 3P®SP , and S_ p {PP) C SP. By Lemma (12.241) . all A ,S_ are (JT® n )-admissible. □ 


2.15.2. Braided commutator and Borromean tangle. We recall from (Hall fHa4] the definitions and 
properties of the braided commutator for a braided Hopf algebra and a formula for universal 
invariant of the Borromean tangle. 

Define the braided commutator T: —>• SP (for the braided Hopf algebra ,PP\ by 

T = pM (id id) (id S® id) (A® A). 

As noted in (Ha4l Section 9.5], with c = fP- c'(i ) <g > c"(i), we have 

(39) b = (id® 2 <8>Y) (c'(i) <g> c'(j') @ c"(j) <g> c "(if) = ^ c'{i) ® c'(j) ® T(c"(j) ® c"(*)). 

i,jcl i,j£l 

Let bjj be the (i,j)-summand of the right hand side. Then each bjj G and b = ^ b,; j, 

with the sum converging in the h-adic topology of SP® 3 . We want to show that the sum ■ bjj 
is convergent in the h-adic topology of SP® 3 . 
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2.15.3. Two definitions of braided commutator. From [Ha4l Section 9.3], we have 

(40) T = /i(ad®id)(id<£)(5®id)A) 

(41) = /x(id<8iadI)((id(8)S)A(8)id), 

where ad r is the right adjoint action (of the braided Hopf algebra defined by 

ad r := /j} 3 ^ (£<8 id <8 id) (if<§ id)(id <8 A). 

Lemma 2.26. For x, y € Jif, we have 

(42) ad r (x <g) y) = S~ 1 (y) > x. 

Proof. In what follows we use 7Z = £ 7Z\ (8) 7£ 2 = £ ^-i ® TZ^ = £ ^-i ® ^2 = £ TZ'i ® '^■2 ■ One 
can easily verify 

(43) tp(x <8 y) := ’^flZ'fTZ^ >y)®TZ\ x S{7Z , 1 ). 

We have 

ad r (x <8 y) = /l*®(£® id <g> id)(i/>(g) id)( 2 ; 8> A(y)) 

= X (5(g)id® id)(-0(g)id)(x 8 y(Q 8 y( 2 )) 

= X] id ® id )(' l /’( a: ® 2/(1)) ® 2/(2)) 

= ^ A i ^( J S<8)id(8)id)(7^2^ , 2 >2/(i) ® ^-i^*S'(^' , i) ® 1/(2)) by ((43]) 

= X] {S{TZ 2 TZ! 2 > y(i)) (8) 7^ia; 1 S , (7^ / 1 ) (8 y^)) 

= X S(JZ 2 TZ' 2 > y^)TZ\xS(TZ'i)y(^y, 
where A(y) = £ y(]/) 8 2/(2)■ Using 

XI y (i) 0 y '(2) = X^2 > 2/(2)) ® ^i2/(i), 

we obtain 

adl(x (8 y) = 'y j S(TZ 2 P l 2 > 2 /(oq )'^ia;S'(^ , 1 )?/( 2 )^ 

= X 5- 1 (^ , 2 " > (7^ > (ft" >y (2) )))5«)^ix5(7e , 1 )7e , 1 , y (1) 

= X s-Hn’fn^n’i > y (2) )£ft£^i^£^i)^iX)- 

Since £ ft' 2 "ft 2 8 > S(ft'")^i = £ 8 S{1Z\ )TZ'[ = ft£ft 21 = 1 <8 1, we obtain 

a41(x <8 y) = X 5,-1 (?/( 2 ))^2/(i) = 5' _1 (y) > x. 

This completes the proof of the lemma. □ 


By Lemma 12.261 and ad(J^ ? <8^') C ^ we easily obtain 

(44) c .r. 
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Lemma 2.27. We have 

(45) T(^0S') C S', 

(46) T(S0JT) C S'. 

Proof. Using (14U1) and ad(=4f'0S’) C S', we have 

T(^?f’0S') = /i(ad<8>id)(id(8)5(8)id)(id(8)A)(J^(8)S’) 

C /x(ad®id)(id(g)5(8)id)(Jf’(8)S’(8)S’) 

C /r(ad0id)(S^0S’0S') 

C (S’(8)S') 

C S'. 

Using (SB) and (1441) . we can similarly check that Y(S”0J^) C S’. □ 

2.15.4. Borromean tangle. 

Lemma 2.28. One has b € S'® 3 . 

Proof. Since {c"(i) \ i G 1} is O-convergent in J4?, we have c "(i) = h ki c"(i), where c "(i) G Jtf’ and 
for any IV > 0 we have ki> N for all but finitely many i. 

Recall that, by (l39l) . we have 

b = Y2 bjj, where b itj = c'{%) 0 c'(j) (8) T(c "(i) (8) c "(j)). 
i,j£l 

By (1451) and (1461) . we have 

T(c"(i) 0 c"(j)) = h ki T(c"(i) 0 c"(j)) € hhST, 

T(c "(i) 0 c"(j)) = h kj T(c"(i) 0 c"(j)) € h k * 3£, 

respectively. Hence 

(48) T(c"(i) 0 c"(j)) € h max ( fei ’^)S'. 

Since c'{i),c'(j) G S’, the sum (1471) defines an element of S’® 3 . □ 

2.15.5. Proof of Proposition \S.SM It is clear that 1 € S’ 0 = C[[h]], 1 € S’, and S’®" 0 S*® m C 
S"® n+m . By Proposition 12.251 each of /i,^ ±1 , A,5 is (S'® n )-admissible. By Lemma 12.281 b € 
S'® 3 . Hence by Proposition 12. 141 Jt € S’®". 

This completes the proof of Proposition 12.231 and also the proof of Theorem 12.221 
2.16. Integrality of ,Jm . 

Theorem 2.29. Suppose S' is a core subalgebra of a topological ribbon Hopf algebra J4? with the 
associate twist system 7± : S’ —>■ C[[/i]]. Assume that there is a family of subsets K, n C S’®", 
n > 0, srtc/i that 

(AL1) lc[[h]] £ l^r € /Ci , b G /C 3 , each of , n, A, 5 is ()C n )-admissible, and i0j/£ fc n +m 
for any x € JC n ,y € /C m . 
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(AL2) For any e i,... ,e n € {±}, 

(% 1 <g...®% n )(K n ) c!C 0 . 

Then the invariant Jm of integral homology 3-spheres has values in 1C o- 

Proof. Suppose T is an n-component bottom tangle T with zero linking matrix. By Proposi¬ 
tion [2J4l Condition (AL1) implies that Jt € IC n . Condition (AL2) implies that 

Jm = (T ei ® ■ ■ ■ ®T £n ) {Jt) £ 1C o, 

where M = M(T\ E\ ,..., e n ). □ 

In the paper we will construct a core subalgebra and a sequence of 2%]-submodules IC n C 
JF® n satisfying the assumptions (AL1) and (AL2) of Theorem 12.291 for the quantized universal 
enveloping algebra (of a simple Lie algebra) with /Co = T,[q\. By Theorem 12.291 the corresponding 
invariant of integral homology 3-spheres takes values in Z[q]. We then show that this invariant 
specializes to the Witten-Reshetikhin-Turaev invariant at roots of unity. In a sense, the (/C n ) 
form an integral version of the The construction of the integral objects IC n is much more 

complicated than that of 3£. 
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3. Quantized enveloping algebras 

In this section we present basic facts about the quantized enveloping algebras associated to 
a simple Lie algebra 0 : the h-adic version U/^g), the ^-version U 9 (g) and its simply-connected 
version U 9 (g). We discuss the well-known braid group actions, various automorphisms of XJ q , the 
universal R-matrix and ribbon structure, and Poincare-Birkhoff-Witt bases. New materials include 
gradings on the quantized enveloping algebras in Section 13.3.21 the mirror automorphism tp, and a 
calculation of the clasp element. 

3.1. Quantized enveloping algebras U/„ XJ q , and U f/ . 

3.1.1. Simple Lie algebra. Suppose g is a finite-dimensional, simple Lie algebra over C of rank t. 
Fix a Cartan subalgebra f) of g and a basis II = {aq,..., ag} of simple roots in the dual space fj*. 
Set f)jjj = MI C 1)*. Let Y = ZH C l)j|j denote the root lattice, C Y the set of all roots, and 
<h_l_ C 4> the set of all positive roots. Denote by t the number of positive roots, t = |4> + |. Let (•, •) 
denote the invariant inner product on f)j|j such that (a, a) = 2 for every short root a. For a € <F, set 
d a = (ex, a )/2 € {1, 2, 3}. Let X be the weight lattice, i.e. X C fig is the Z-span of the fundamental 
weights dq,..., 07 € which are defined by ( &i,atj) = 5ijd ai . 

For 7 = Yli=i^i a i ^ Y, let ht( 7 ) = Let p be the half-sum of positive roots, p = 

\ Sae#-,- a - is known that p = J2i =i &i- 

We list all simple Lie algebras and their constants in Table [0 



A i 


c e 

Dt 

E e 

e 7 

e 8 

^4 

g 2 

d 

1 

2 

2 

1 

1 

1 

1 

2 

3 

D 

i+l 

2 

2 

4 

3 

2 

1 

1 

1 

ti J 

£+ 1 

21 - 1 

e + i 

21-2 

12 

18 

30 

9 

4 


Table 1. Constants d, D, h v of simple Lie algebras 


3.1.2. Base rings. Let v be an indeterminate, and set A := Z[v ±l ] C C(v). We regard A also as a 
subring of C[[/i]], with v = exp(/i/ 2 ). Set q = v 2 . 

Remark 3.1. We will follow mostly Janzen’s book j.Tal . However, our v, q and h are equal to 
“r/ 2 ” and h”, respectively, of pa]. Since q = v 2 , one could avoid using either q or v. We will use 
both q and v because on the one hand the use of half-integer powers of q would be cumbersome, 
and on the other hand we would like to stress that many constructions in quantized enveloping 
algebras can be done over 


For a € and integers n, k > 0, set 

v a ■= V da , 


q a ■= q d> 


= v 


2 

ai 


[n\a 


Va - V a 


-1 ’ 


|n|„! := 


2—1 


n 

i= 1 


[n - i + l] c 


{n} Q :=v™-v a n , {n}«! := 

2—1 
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When a is a short root, we sometimes suppress the subscript a in these expressions. 
Recall that for n > 0 and for any element x in a Z[g]-algebra, 

n— 1 

(x-,q)n ■= JJ(1 - x<t>). 


3 =0 


3.1.3. The algebra U^. The quantized enveloping algebra LR = U^(g) is defined as the /i-adically 
complete C[[/i]]-algebra, topologically generated by E a , F a , H a for a € n, subject to the relations 

(49) H a Hp = HpH a , 

(50) H a Ep — EpH a = (a, (3)Ep, H a Fp — FpH a = -( a , /3)Fp, 

(51) E a Fp — FpE a = 6 a p— —where K a = exp(hH a /2), 

v a - v a 


(52) 

(53) 


s =0 
r 

E ( - i r 


s=0 


E r ~ s EpE s a = 0, 


F FaF = 0 

± a 1 p* a u > 


where r = 1 — (/3, a)/d a , 


where r = 1 — (/3, a)/d a . 


We also write Ei, Fi,Ki respectively for E ai , F ai , K ai , for i = 1,..., t. 

For every A = )T) Qgn dehne H\ = k a Ed a and K\ = expIn particular, one 

can define K a := K&, for a £ II. 


3.1.4. Hopf algebra structure. The algebra has a structure of a complete Hopf algebra over 
C[[h]], where the comultiplication, counit and antipode are given by: 

A(E a ) = E a <8> 1 + K a ® E a , t{E a ) = 0, S(E a ) = —K a 1 E a , 

A (F a ) = F a ® R- 1 + 1 (8 )F a , e(F a ) = 0, S(F a ) = -F a K a , 

A(H a ) = H a (8> 1 + 1 (8> H a , e(H a ) = 0, S(H a ) = —H a . 

3.1.5. The algebra U g and its simply-connected version XJ q . Let \J q denote the C(u)-subalgebra 
of U/J/i -1 ] = U/j <8>c[/i] C [h,h~ l ] generated by E a ,F a , and K± l for all a € II. Alternatively, U g 
is defined to be the C(u)-subalgebra generated by the elements K a , K& 1 , E a , F a (a € II), with 
relations ED ED and 

(54) K a K~ l = K~ l K a = 1, 

(55) KpE a = v^E a Kp, KpF a = v~^E a Kp 
for a, (3 € II. 

The algebra \J q inherits a Hopf algebra structure from U/J/i -1 ], where 
A (K a ) = K a g> K a , e(K ry ) = 1, S{K a ) = K~\ 
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Similarly, the simply-connected version U g is the (C(u)-subalgebra of U h[h 2 ] generated by 
E a ,F a , and K^ 1 for all a £ II. Again \J q is a C(u)-Hopf algebra, which contains U g as a Hopf 
subalgebra. Let be the C(u)-algebra generated by K± l ,a € II. Then 

(56) U g = U°U g . 

The simply-connected version \J q has been studied in jDKPl IGavl ICalj in connection with quan¬ 
tum adjoint action and various duality results. We need the simply connected version U 9 (g) for a 
duality result, and also for the description of the iTmatrix. 

3.2. Automorphisms. There are unique /i-adically continuous C-algebra automorphisms q,ar; Ti u 
of U h defined by 

^bar(^) h, h>ar(77a) H a , ^bar {.Hoi) E ai ^bar(^a) 

cu(h) /z, H a ^ uj^Efy^ E (y . ui(F a ') E a 

<p{h) = -h, ip{H a ) = -H a , tp{E a ) = —F a K a , <p(F a ) = -K^Ea, 

and a unique /i-adically continuous C-algebra anti-automorphism r defined by 
t{K) = h, r(H a ) = - H a , r(E a ) = E a , r(F a ) = F a . 

The map tbar is the bar operator of jLulj . and r, ui are the same t,u in |Ja]. All three are 
involutive, i.e. r 2 = z 2 ar = w 2 = id. The restrictions of iban P, T - w to U/j n U g naturally extend to 
maps from U q to U 9 , and we have 

t(v) = u(v) = v , r(K a ) = u{K a ) = K~ l , 

^■bar(^) ^ i MjarC^a) H a , 

ip(v) = v~ 1 , cp(K a ) = K a . 

Unlike Lb ar ,T,oj, the map <p is a C-Hopf algebra homomorphism: 

Proposition 3.2. The C-algebra automorphism cp commutes with S and A, i.e. 

tpS = Sip, (p<g>ip)A = A<p. 

Besides ip = l^tujS = = Sl^tu, and 

(57) cp 2 (x) = S 2 (x) = K_ 2 pxK 2 p. 

Proof. All the statements can be easily checked on generators h, H a , E a , F a . □ 

3.3. Gradings by root lattice. 

3.3.1. Y-grading. There are T-gradings on and U g defined by 

\E a \ = a, |F q | = — a , \H a \ = \K a \ = 0. 

For a subset A C U^, denote by A^, p € Y, the set of all elements of T-grading p in A. 

We frequently use the following simple fact: If x is T-homogeneous and fd € Y, then 

(58) K 0 x = v { P’\ x \) x Kp. 

In the language of representation theory, x € has U-grading fd € Y if and only if it is an element 
of weight fd in the adjoint representation of U/j. 
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3.3.2. (Y/2Y)-grading and the even part of TJ q . 

Proposition 3.3. There is a unique (Y/2Y)-grading on the C(v)-algebra U q satisfying 
deg (K a ) = a , deg(F Q ) = 0, deg(F Q ) = a (mod 2 Y) 

for a € II. 

Proof. Using the defining relations (1511) (1551) for \J q , one checks that the (y/2U)-grading is well 
defined. □ 

The degree 0 part of \I q in the (y/2y)-grading, which is generated by K± 2 , E a and F a K a for 
a € II, is called the even part of U g and denoted by U® v . Elements of U® v are said to be even. 

For each a € Y, the degree (a mod 2 Y) part of U g is K a XJ q v . 

Lemma 3.4. (a) Suppose p € Y. Let (U®'')^ be the grading p part of U® v . Then 

s((urwcn,u7, 

A ((UrU C © K x (U®'V A ® (U-) A . 

Aev 

In particular, A(U® V ) C U ? ® U® v . 

(b) The adjoint action preserves the even part, i.e. U g > U® v C U® v . 

(c) Each of ibarj t, and <p leaves U® v stable, i.e. /(U® v ) C U® v for f = tbar,U </?. 

Proof, (a) Suppose x € (U® v ) At . We have to show that 

S(x)eK li U® v , 

A ( X ) G © K * ( U q V )m- A ® ( U q V ) A . 

\eY 

If the statements hold for x = x\ € (U e /) M1 and x = X 2 € (urw then they hold for x = 
X\X2 € (ur) w +w Since U® v is generated as an algebra by K± 2 € (U® v )o, E a € (U® v ) a , and 
F a K a € (U® V )_ Q , it is enough to prove the statements when x is one of K± 2 ,E a , or F a K a . For 
these special values of x, the explicit formulas of S(x) and A (a:) are given in subsection 13.1.41 from 
which the statements follow immediately. 

(b) For x € Uq. we have the following explicit formula for the adjoint actions 

K a > x = K a x K~ l 

(59) E a > x = E a x — K a x Kff 1 E a 

F a t> x = (F a x — x F a ) K a . 

If x is even, then all the right hand sides of the above are even. Since U g is generated by K a , E a ,F a , 
we have U g > U® v c U® v . 

(c) One can check directly that each of i-bar; t, and ip maps any of the generators K± 2 , E a ,F a K a 

of U® v to an element of U® v . □ 

Remark 3.5. In Section EJ we refine the y/2U-grading of the C(u)-algebra U g to a grading of the 
C(v)-algebra \J q by a noncommutative Z/2Z-extension of Y/2Y. 
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By (1561) . Ug = U°Uq, where Uq = C(u)[A'j l=1 ,... ,kf 1 ]. Here we set K % = K ai for i = 1,... 
Let Ug v ’° = C {v)[kf 2 ,..., kf 2 } and 

TGV ._ JTeV^OTTGV 

\J q . q \J q . 

Lemma 3.6. One has \J q > U® v C U® v and U 9 > U® v C U° v . 

Proof. The proof is similar to that of Lemma 13.41 (b). □ 


3.4. Triangular decompositions and their even versions. Let (resp. U /; , U))) be the 
/i-adically closed C[[h ]]-subalgebra of topologically generated by E a (resp. F a , H a ) for a € n. 

Let U+ (resp. U“, Uq) denote the C(n)-subalgebra of U g generated by E a (resp. F a , Kf 1 ) for 

a € n. 

It is known that the multiplication map 

U“ (g) <g> U+ —> Uq, x <8> x' <g) x" eA xx'x" 

is an isomorphism of C(u)-vector spaces. This fact is called the triangular decomposition of U 9 . 
Similarly, 


U ft (g)U°®U ^—> U/j, x <8> x' <g> x" i-a xx'x”, 

is an isomorphism of C[[/i]]-modules. These triangular decompositions descend to various subalge¬ 
bras of Uq and U ^ which we will introduce later. 

We need also an even version of triangular decomposition for Uq V . Although U+ C Uq V , the 
negative part U~ is not even. 

Let Uq V ’~ := <y9(U^"), which is the C(u)-subalgebra of U® v generated by F a K a = —<p(E a ), a € n. 
Then Uq V ’ C Uq V . Let Uq V ’° be the even part of Uq, i.e. 

Ug V ’° := Ug V n U° = C {v)[Kf\ ..., Kf 2 }. 


Using (I58p . we obtain the following isomorphisms of vector spaces 


(60) 

U ev ' 

q 

<8> U° (8) U+ - 

-^Uq, 

x® y ® z i-A xyz. 

(61) 

U°q V ’- 

(8) U^ v ’° ® U+ 

A U-, 

x <S> y <8) z i->- xyz. 

(62) 

uT’' 


ur, 

x <g> y <g> 2 eA xyz. 


where we set U)) v ’~ = </?(U(j(), which is the /i-adically closed C[[/?.]]-subalgebra of topologi¬ 
cally generated by F a K a , a € n. We call (j60j) . (IfiTT) . and (l62jl respectively the even triangular 
decomposition of U g ,Uq V , and U^. 


3.5. Braid group action. 


UNIFIED QUANTUM INVARIANTS 


41 


3.5.1. Braid group and Weyl group. The braid group for the root system <1 has the presentation 
with generators T a for a G II and with relations 

T a Tfj = T p T a for a,/3 £ n, (a, f3) = 0, 

T 0 TgT a = TgT a Tg for a,/3 G II, (a,/3) = -1, 

T a TgT a Tg = TpT a TpT a for a, f3 £ II, ( a , /?) = -2, 

Ta TpT a TpT a Tg = TpT a TpT a TgT a for a, (3 G II, (a, /3) = -3. 

The Weyl group 2U of T is the quotient of braid group by the relations Tj = 1 for a G II. We 
denote the generator in 2U corresponding to T a by s a . We set Tj = T ai , s* = s ai for i = 1,... 

Suppose i = ifc) with ij G {1,2, Let u;(i) = sq s, 2 ■ ■ ■ Sj fc G 2H. If there is no 

shorter sequence j such that ic(i) = rc(j), then we say that the sequence i is reduced, and u>(i) has 
length k. It is known that the length of any reduced sequence is less than or equal to t := |<L_|_|, the 
number of positive roots of 0 . A sequence i is called longest reduced if i is reduced and has length t. 
There is a unique element w o G 2U such that for any longest reduced sequence i one has u>(i) = wq. 

3.5.2. Braid group action. As described in [Ja[ Chapter 8 ], there is an action of the braid group on 
the C(u)-algebra U 9 . For a G II, T a : \J q —>• XJ q is C(u)-algebra automorphism defined by 

T a (AT 7 ) = K Sa{ry) , T a (E a ) = -F a K a , T a (F a ) = -K^ 1 E a , 

r 

T a (Eg) = £(-l yvjEMEpE®, with r = -(J3,a)/d a , 

i =0 
r 

T a (Fg) = £(-l YviF^FpF^, with r = ~{(5,a)/d a , 
i =0 

where 7 G T, /3 G IT \ {ck}- The restriction of T a to U g n extends to a continuous C[[/i]]-algebra 
automorphism T a of by setting 

T a (H 1 ) = H Sa{l) for 7 GW 

Remark 3.7. Our T a is the same as T a of [Ja]. Our Tj = T ai is T" x of |Lulj . or TG 1 of [Lu3 ]. 

One can easily check that 
(63) 

for a G II, ft £ Y. In particular, the even part U^ v is stable under T^ 1 . Thus, we have 
Proposition 3.8. The even part U® v is stable under the action of the braid group. 

3.6. PBW type bases. 


3.6.1. Root vectors. Suppose i = (i\,... , i t ) is a longest reduced sequence. For j £ {1, ... ,t}, set 

Tj = 7j(i) := s ii s *2 ' ' ' s F/-i ( a ij )■ 

It is known that 71 ,..., 7 1 are distinct positive roots and { 71 ,..., 7 *} = <L + . The elements 


T7 j (i) T Qii T ai2 ■ ■ ■ T ai (E ai ), F^ (i) T aii T ai2 ■ ■ ■ T Qi (F a . ) 
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are called root vectors corresponding to i. The T-grading of the root vectors are \E lj (i)| = 7 j = 
— |F 7j . (i)|. It is known that £' 7j . (i) G U+ and F lj (i) G U“. 

In general, E lj (i) and ^(i) depend on i, but if 7 j is a simple root, i.e. 7 j = a G II, then we 
have E lj ( i) = E a , F 7) (i) = 


3.6.2. PBW type bases. Fix a longest reduced sequence i. In what follows, we often suppress i and 
write Ery = E^{ i), F 7 = F 7 (i) for all 7 G $ + . 

The divided powers E^ n \ F^ 1 ' 1 for 7 € 4> + , n > 0 are defined by: 

4“> := £?/[»],!, 7”) = F”/MV 


Following Bourbaki, we denote by N the set of non-negative integers. For n € N 4 , define 


F (n) = TT f \ t : 

J-J-7 3 -e4>+ 7j 


7j > 


£ (n) = TT E) nj) , 
ll 7 . e $ + Ti ’ 


Here 


ft 


7j'G$+ 


means to take the product in the reverse order of ( 71 , 72 , • ■ ■ , 7 t)- For example, 

_p( n ) = 1~T p( n i') — p(. n t) pi n t- 1 ) . . . p(n i)_ 

J. X 7j . 7 <1 7 ^ 71 7t—l 71 


The set {E^ \ n G N*} is a basis of the C(u)-vector space U+, and a topological basis of U^. 

Similarly, the set {F^ n) | n G N 4 } is a basis of U~ and a topological basis of . 

On the other hand, {K 7 | 7 G Y} is a C(u)-basis of U° and {Ft k | k G N^}, where H k = T[/=i 
for k = (k±,, ki), is a topological basis of U°. 

Combining these bases and using the even triangular decompositions (l60l) (l62l) . we get the fol¬ 
lowing proposition, which describes the Poincare-Birkhoff-Witt bases of U 9 , U® v , U^: 

Proposition 3.9. For any longest reduced sequence i, 

{F (m )iv m A' 7 £^ n) | m, n G N 4 ,7 Gh} is a C (v)-basis for U g 

{F^ I\ m K^E^ | m nG N f ,7 Gf) is a C (v)-basis for U® v 

{F (m) A m AT k £ (n) | m, n G N 4 , k G N^} is a topological basis for U^. 

where 

t 

(64) I< n : = K v jf = if_| F( „)| for n = (m, ...,n t )e N*. 

3 = 1 


3.7. A-matrix. 

3.7.1. Quasi-R-matrix. Fix a longest reduced sequence i. Recall that {k} a = v k — v~ k . 
The quasi-R-matrix 0 G U ® 2 is dehned by (see (Ja| ILulj l 

© = Fn ® En, 

nSN* 


( 65 ) 
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where for n = (ni,..., nt) G N 4 , 

(66) E n := R (n) n{%>7i ! = ri 7 . e#+ (K - 

i=i 3 

t 

(67) F n := Y[(-l) n iv^ nj{nj ~ 1)/2 

3 = 1 

It is known that 0 does not depend on i, and 

(68) 0 _1 = (tbar ® ibar)(0) = ^2 K ® E n 

nEN* 

where 

F' n = tbar(-^n), E' n = lba. r (E n ). 

3.7.2. Universal R-matrix and ribbon element. Dehne an inner product on f) R = Span R {77 Q | a G 
11} by (H a ,Hp) = (a,/3). Recall that d’s are the fundamental weights. Let H a = H Then 
{H a /d a ,a G II} is dual to {H a ,a G 11} with respect to the inner product, i.e. (H a , Hp/dp) = 8 a ,p 
for a, /3 G II. Define the diagonal part , or the Cartan part , of the R-matrix by 

(69) V = exp H a /d a ) j € (u£)® 2 . 

V aen / 

We have T> = T> 21, where D21 € (U°)® 2 is obtained from T> by permuting the first and the second 
tensorands. 

A simple calculation shows that, for T-homogeneous x,y G LR, we have 

(70) V(x®y)V~ l = xK\ y \® K\ x \y. 

The universal R-matrix and its inverse are given by 

(71) 77 = Ve~ 1 , 77" 1 = 0£>~ 1 , 

Note that our R-matrix is the inverse of the R-matrix in fJaj . 

The quasitriangular Hopf algebra (11^,77) has a ribbon element r whose corresponding balanced 
element (see Section 12721) is given by g = K_ 2p . For T-homogeneous x G LR we have 

(72) S 2 (x) = K. 2p xK 2p = q-^x. 

With 77 = J))77i <8> 772, the ribbon element and its inverse are given by 

r = ]T 5(77i)77_ 2p 77 2 , r" 1 = ^ 77 1 i7 2p 77 2 = ]T 77 2 I7_ 2p 77i. 

One has r = Jt and r _1 = Jt 1 , where T and T' are the bottom tangles in Figure fT3l 
Using (16511 and (ED, we obtain 

(73) r = F n K n r 0 E n , r" 1 = ^ F^R-^K 

nEN* nEN* 


n 




(- 1 ) 


n i( n j l)/2 rp( n j ) 
v ii . 
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Figure 13. Tangles T (left) and T' determining the ribbon element r and its inverse 


where K n is given by (|641) and 


r 0 := iT_ 2 P Ai(P X ) = K_ 2p exp(-^ ^ H a H a /d a ). 


aell 


We also have 
(74) 


S'(r) = S_( r) = r. 


3.8. Mirror homomorphism p. We defined the C-algebra homomorphism p in Section 13.21 
Proposition 3.10. The C- automorphism p is a mirror homomorphism for U/, ; i.e. 

(75) p(K 2p ) = K 2p 

(76) (<P&<P)(K) = (^~ 1 )2i 

(77) {p®p) 2 {JZ) =n. 

Consequently, if T' is the mirror image of an n-component bottom tangle T, then Jt' = p® u (Jt)- 

Proof. Identity ([751) is part of the definition of p. One could prove the other two (fTHl) and ([771) by 
direct calculations. Here is an alternative proof using known identities. 

By Proposition 13.21 p = Hence (17611 follows from the following four known identities: 

{S®S){TZ) =1Z by property of i?-matrix, Equ. (fTOl) 

= (t<8)t)(T , 0^ 1 ) = © _1 D by [Jal 7.1(2)] 

(w®u;)(0- 1 P) = ©2] 1 T) by [Jal 7.1(3)] 

(tbar<t>tbar)(@^L 1 ^) = ©21^ ) ~ 1 = ^2l’ by 


Identity ([771) follows from ((571) and (flOl) : 

{p 2 ®p 2 )(1l) = (S 2 ® S 2 )(K) = n. 

This shows p is a mirror homomorphism. By Proposition 12.61 Jt' = p® u {Jt)- 

Because the negative twist is the mirror image of the positive one, we have the following. 

-l 


□ 


Corollary 3.11. One has p(r) = r 
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3.9. Clasp element and quasi-clasp element. Here we calculate explicitly the value of the 
clasp element c = J(j+ € U^U^, which is the universal invariant of the clasp tangle C + of Figure 
[5) Recall that we have defined E n , F n , and V in Section [3~T1 We call 

(78) T := cV 2 

the quasi-clasp element. Like the quasi-R-matrix, the quasi-clasp element enjoy better integrality 
than the clasp element itself. 

Lemma 3.12. Fix a longest reduced sequence i. We have 

(79) c = E q~ {p ’ lEnl) { F ™K m ®F n K n ) (V~ 2 ) {E n ®E m ) 

(80) r= Yj g _(p ’ l ' Bn|)+ ^ |Sm|,|En| '* (F m Kf^E n ® F n K~ l _E m ) 

(81) c = (ip <g> 5 _1 <p)(c). 


Proof. Let V 2 = 'ffiV 2 )i (g> (' D 2 )2, and 1Z 1 = 'ff'JZi ® 77-2 = Yl'R-i ® F ' 2 . By (12IT) . we obtain 

C = J2 s(Ki)s(n' 2 ) ® n\n 2 
= Y' F iS 2 {n' 2 )®n' 1 TZ 2 . 

We have 

PC 1 = QV- 1 = FmiV- 1 )! <g> E^V-% = Y, FmEmiV- 1 )! <g> (P” 1 ^™- 

mgN* mgN 1 

Substituting this into the formula for c, we obtain 

c= F ^K m {V~ 2 ) 1 S 2 {E n )®F n K ri {V- 2 ) 2 E m , 

nijiiGN* 

which using (1721) is (1791) . Identity (l80l) follows from (1791) . via (1701) . 

Since C~ is the mirror image of C' + , by Proposition 13.101 c~ = (<p® p)(c), which, together with 
(1221) . gives m- □ 


From |~Maj 2 
(82) 


Proposition 2.1.14], one has 

(id ®S 2 )(c) = c 21 . 
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4. Core subalgebra of and quantum Killing form 

In this section we construct a core subalgebra of the ribbon Hopf algebra 

:= U ft ® c[[ft]] C[[>//i]], 

which is the extension of U/j when the ground ring is C[[\/h]]. We will use the Drinfel’d dual of 
Uh to construct X^. To show that X/, is a Hopf algebra we use a stability principle established in 
Section [4.31 which also finds applications later. We then discuss the clasp form of X/j which turns 
out to coincide with the well-known quantum Killing form (or Rosso form) when restricted to U g . 
Thus, we get a geometric interpretation of the quantum Killing form. 


4.1. A dual of U/i. Fix a longest reduced sequence i. For n 


n = 


k 

X 

3 = 1 


n-i 


(ni,..., rifc) € N k let 


Let us recall the topological basis of described in Proposition 13.91 For n = (ni, 112,113) € 
N* x x N 4 , let 

e h (n) = F (ni) K ni H n2 E (n3 \ 

where F^ ni \K ni , H n2 , E^ are defined in Section 13.6.21 By Proposition 13.91 

H(n) | n € n t+e+t } 

is a topological basis of U^. 


Let be closure (in the h-adic topology of U/J of the C[[/i]]-span of the set 
(83) {/ilHle^n) | n£N t+e+t }. 

Then V/, is a formal series C[[h]]-module, having the above set (183(1 as a formal basis. (See Exam¬ 
ple E2] of Section [Til l Every x € has a unique presentation of the form 

x= ^2 x n (h M e h (n)^ 
nSN t + t + t 

where x n € C[[/i]]. The map x —> (x n ) ng / is a C[[/i]]-module isomorphism between and C[[/i]] 7 , 
with / = n t+e+t . 


In the terminology of Drinfel’d (Drj . V/, is a “quantized formal series Hopf algebra” (QFSH- 
algebra), see also m- As part of his duality principle, DrinfePd associates a QFSH-algebra to 
every so-called “quantum universal enveloping algebra” (QUE-algebra). Gavarini [Gav] gave a 
detailed treatment of this duality, and showed that the above defined V/, is the QFSH-algebra 
associated to U/,, which is a QUE-algebra. 

For n > 0 let be the topological closure of in U^ n . Then V^” 1, is the n-th tensor power 
of \ h in the category of QFSH-algebras, see [Gav i Section 3.5]. The result of DrinfePd, proved in 
details by Gavarini [Gav] . says that VJ is a Hopf algebra in the category of QFSH-algebras, where 
the Hopf algebra structure of V/,, is the restriction of the Hopf algebra structure of U^. Thus, we 
have the following. 


Proposition 4.1. One has 

MV? 2 ) c V h , A(V h ) C Vf, S(V ft ) C V h . 
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For completeness, we give an independent proof of Proposition 14.11 in Appendix [XJ Yet another 
proof can be obtained from Proposition 15.101 

Proposition 4.2. Fix a longest reduced sequence i. Then V/, is the topological closure (in the 
h-adic topology ofXJh) of the C[[h]\-algebra generated by hH a , AF 7 (i), hE^ii) with a £ II, 7 £ *^+- 


Proof. Let be the topological closure (in the h- adic topology of LR) of the C[[/i]]-algebra gen¬ 
erated by hHa, hFry, hE ~ with a € II, 7 € 4>+. One can easily check Kj £ V) ( for 7 € Y. The set 
e/j,(n) | n £ f^t+e+ty is a formal basis of V^. 

When n = (m,... ,nt+i+t) € is such that all nj = 0 except for one which is equal to 1, 

then the basis element /iH n He^(n) is one of hH a , hF- K-., hE~ f . It follows that hH a ,hFj,hEj £ V^, 
and hence C V/,. 

From the definition of e/j(n), for any n = (m, k, u) £ N* x x N*, 


h l|n|l e ft (n) = a J 


7jS$+ 


(, hF. ' 


7 j> 


n <’n 


(84) 

- m -'Yo t\P4- 

7jG<I> + j =1 

where m = (mi,..., mf), k = (k \,..., kg), u = (u±,... ,uf) and 

1 


7iS$+ 


{hE. 


'7i ) 1 


a = 


n J= , (kv 


is a unit in 


. Since the right hand side of 


KiItt) 

is in V^, we have C V' h . Thus, = V^. □ 


4.2. Ad-stability and (^-stability of VRecall that we defined the left image of an element 
x £ in Section |2~3I 

Proposition 4.3. The module is the left image of the clasp element c in U/jigiU/i. Moreover, 
V h is ad-stable, i.e. U h > C V^. 


Proof. For n = (ni, n 2 , n 3 ) £ E t+e+t let 

e'f (n) = F^K n3 H n2 E^ ni \ 
where for k = (£ 7 ,..., £ 7 ) £ N^, H k = ]~[ /=1 Ha] ■ 

Then (e^(n) | n £ N t+<?+t } is a topological basis of LR. From rt79|) . 
(85) c= ^2 ^(n)/i l|n|l e ft (n)(g)eft(n), 

n£N f +Ht 


where u/i(n) is a unit C[[/i]] for each n £ N t+e+t . The exact value of Uh(n) is as follows: For 
n = (ni, n 2 , n 3 ) £ N* +£+ *, 


( 86 ) u h (ni, n 2 , n 3 ) = q (pd^rx 3 |) u "( ni ) u ' h (n 2 ) <(n 3 ) 

where for k = (£ 7 ,..., £ 7 ) £ and m = (mi,..., mf) £ N f , 


u i,( k ) = I 


(-7 


h - \ rJ 3 

= 1 k 3 - a OLj 


<( m )=n ■ 

3 =1 


y 7 j 


(q~ij ; 


By definition, the left image of c is the topological closure of the C[[/i]]-span of {u^(n) /J^e^n)}, 
which is the same as V^, since the Uh{ n) are units in C[[/i]]. 
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Since c is ad-invariant, by Proposition 12.51 we have U/, > V/ t C V^. □ 

Remark 4.4. Proposition 14.31 shows that V/ t does not depend on the choice of the longest reduced 
sequence i. 

Proposition 4.5. One has ip(Vh) C i.e. V /, is p-stable. 

Proof. By Lemma 13.121 c = (<p ® Sp l p)(c). Note that S_~ 1 p is an C[[/i]]-linear automorphism of 
U^. By Proposition 12.5l bL p leaves stable the left image of c, i.e. p(Vh) = V^. □ 


4.3. Extension of ground ring and stability principle. Let yfh be an intermediate such that 
h = (yfh) 2 . Then C[[/i]] C C[[\/h]]. For a C[[/),]]-module homomorphism / : V — > V' , we often use 
the same symbol / to denote f® id : E0c[[W]C[[\/h]] — > V" , <8>c[[/i]]C[[\//i]]. 

Suppose the following data are given 

(i) a topologically free C[[/i]]-module V equipped with a topological base {e(i) \ i € I}, and 

(ii) a function a : I —>• C [[h]] such that a(i) f 0 and {a(i),i € 1} is O-convergent. 

Let V(y/a) be the topologically free C[[\/h]]-module with topological basis {yf a(i) e(i) \ i € /}, 
and V(a) C V be the closure (in the h- adic topology of V) of the C[[/i]]-span of {a(i) e(i) | * € /}. 
We call (V,V(y/a),V(a)) a topological dilatation triple defined by the data given in (i) and (ii). 

Proposition 4.6 (Stability principle). Suppose (V,V(^/a),V(a)) and (V', V'(yfa/), V'(a')) are two 
topological dilatation triples and f : V —>• V’ is a C[[/ill -module homomorphism such that f(V(a)) C 
V'(a'). Then f(V(y/a)) C F'(Va'). 


Proof. Claim 1. If x\,X 2 ,x% € C[[h]], X 3 / 0, such that X 1 X 2 /X 3 € C[[/i]] then xx^/xfjxf € C[[\/7i]]. 
Proof of Claim 1. Let Xi = h ki y l , where y % is invertible in C[[h]]. Assumption X 1 X 2 /X 3 € C[[h]\ 
means k\ + k 2 > k^. Then k\ + /C 2 /2 > (k\ + &2)/2 > k^/2, which implies the claim. 

Let us now prove the proposition. The C[[/i]]-module V(a) is a formal series C[[/i]]-module with 
formal basis {a(i)e(i) \ i € /}, see Example 12.21 Every x € V(a) has a unique presentation as an 
/i-adically convergent sum 

x = Y2 Xi (°W e (*)) > where (. Xi) ie i € C[[h]] J . 

i&I 


Using the topological bases {e(i) \ i € 1} of V and {e'(i') \ i! G I'} of V', we have 

/(e(*)) = 

jei' 

where f\ € C[[/i]], and for a hxed i, {// | j € I'} is O-convergent. Multiplying by appropriate 
powers of y 7 a(i), we get 


f(a(i)e(i)) = ^ // (a!(j)e'(j)) 
jei' 


(87) 


f(y/a(j)e(i)) = ^ 2 ~fi 
jei' 


a'(j)e'(j 


Where ^ = 

where 7 { = 
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The assumption f(V(a)) C V'(a') implies that f- € C[[/i]], which, together with f- € C[[/i]] and 

Claim 1, shows that ~f\ € C[[\/fo]]. Equation ( 1571 ) shows that f(V(y/a)) C V'{y/d). This proves 
the proposition. □ 

4.4. Definition of X/,. Fix a longest reduced sequence i. Recall that {e/j(n) | n € N i+ ^ +i } 

is a topological basis of U/,, see Section 14.11 Let a : N t+ ^ +t —> C[[h]] be the function defined 
by a(n) = and consider the topological dilatation triple (U^, U/j(\/a), Uft(a)). Denote the 

middle one by X^, U/ l (y / a) = X/,. Later we show that X/j does not depend on i. 

By definition, Uft(a) is the closure (in the/i-adic topology of U/j) of the C[[/i]]-span of {/J^e^n) | 
n € N t+ ^ +t }. Thus, V h (a) = V h . 

Also by definition, X/j is the topologically free C[[\//t]]-module with the topological basis 

( 88 ) {h^ 2 e h (n) | n € N t+i+t }. 

Note that X^ is a submodule of = U^(g)c[[/ l ]]C[[\//i]]. 

The topological closure X^ of X/,_ in is a formal series C[[v^]]-module with ( 1551 ) as a formal 
basis. 

Theorem 4.7. The C[[\/h)]-module X/, is a topological Hopf subalgebra o/U^. Moreover U^t> 
X h C X/j, i.e. Xft, is ad-stahle, and <p(X-h) C X^. 

Proof. We will show that X/ t is closed under all the Hopf algebra operations of U^. 

Let us first show that X^ is closed under the co-product. Both (U^, X^, V^) and (uf 2 ,Xf,Vf) 
are topological dilatation triples, and A(U/ l ) C U® 2 and A(V^) C V^ 2 (see Proposition 14.11) . 
Hence, by the stability principle ('Proposition 14.61) . A(X/j) C X® 2 . 

Similarly, applying stability principle to all the operations of a Hopf algebra, namely /x, rj, A, e, S 
(using Proposition 14.ip . as well as the adjoint actions (using Proposition 14.31) and the map ip (using 
Proposition 14.51) we get the results. □ 

Corollary 4.8. Fix a longest reduced sequence i. The C [[Vh]]-algebra X^ is the topologically 
complete subalgebra of generated by y/hH a ,-</hE^(i),-^hF 1 (i), with a € n, 7 € 4> + . 

Proof. Using the fact that X^ is an algebra, the proof is the same as that of Proposition 14.21 □ 

4.5. X^ is a core subalgebra of U Recall that the definition of a core subalgebra is given in 
Section 12.141 

Theorem 4.9. The subalgebra X/,, is a core subalgebra of the topological ribbon Hopf algebra U^. 

Proof. For the convenience of the reader, we recall the definition of a core subalgebra: X/ t is a 
core subalgebra of means that X/i is a topological Hopf subalgebra of and the following 
(i)-(iii) holds. 

(i) X/j is U^-stable, 


(ii) 1Z € X/j <g) Xfr and K 2 P € X/,, and 
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(iii) The clasp element c has a presentation 

c = ^2 c 'i}) ® c "(*)> 
iei 

where each of {c'(i)| and {c"(i)} is 0 convergent in and is a topological basis of X^. 

Let us look at all three statements. 

(i) By Theorem 14.71 Xh is a topological Hopf subalgebra of and (i) holds. 

(ii) Since VhH a € X h (see Corollary USD, K± 2p = exp(±^ Qg$+ hH a ) € X h C X h . 

By ([Tip . 1Z~ 1 = 0P _1 , where 

0 = '^2 E n ® E n and V~ l = exp(— ^2 E a <8> H a /d a ). 
neN* aen 

As VhH a , \/TiH q € Xh, one has V~ l € X^ <g) X/ ( . 

Using the dehnition (1661) . (f67l) of E n , F n , and Corollary 14.81 we have 

F n ®E n ~ n re< , + (^ 0 E ^ Uj X h , 

where a ~ b means a = ub, where u is a unit in C[[/i]]. Hence 0 = E n <S> E n € X^ <g) X/,. It 
follows that 7£ _1 = 0XU 1 € X/, ® X^. Since 7Z = (id <8>S)(1Z~ l ), we also have 1Z € Xh <S> X;,,. Thus 

(ii) holds. 

(iii) Let / = and for n e /, 

(89) c'(n) = h l|n|l/2 e /l (n), c"(n) = u fc (n)/i l|n|l/2 e)((n), 

where u^(n) is the unit of C[[/i]] in (1861) . By (f85j) . 

c = 2 2 c, ( n ) ® c,, ( n )- 

n 

By definition, {c'(n)} is a topological basis of X^. Since {H a \ a € n} is a basis of f)Jj, {c"(n)} is 
also a topological basis of Xh- The factors /iH n l!/ 2 j n (Jg9j) shows that each set {c'(n)} and {c"(n)} 
is 0-convergent. Hence (iii) holds. This completes the proof of the theorem. □ 

By Theorem 12.221 the core subalgebra Xh gives rise to an invariant Jm £ C[[\/7i]] of integral 
homology 3-spheres M, via the twists T± which we will study in the next subsections. 

4.6. Quantum Killing form. Since X/, is a core subalgebra of according to Section [2.141 

one has a clasp form, which is a U^-module homomorphism 

(90) ^ ■.X~ h ®X h ^C[[Vh\], 
defined by 

(91) J 2 f(c"(n) <g) c'(m)) = <5 n . m , for n, m € f^ t+e+t 

where c"(n) and c'(m) are given by (1891) . We also denote ££(x ® y) by ( x,y ). 

Let us calculate explicitly the form Jzf. Recall that F n ,E n € U q were defined by fl66l) and (167)1 . 
which depend on a longest reduced sequence. 
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Proposition 4.10. Fix a longest reduced sequence i. For m, n, n^m' € N*,k,k' € N e ,a,P € 
Y,k,l € N, one has 

(92) (F m K m h k / 2 H k E n , F n ,K n , h l ' 2 H 1 ^ E m .) = (-l) fc k\ (a, /3) fc 

(93) (F m K m K^E n , F n ,K n ,K l u , E m .) = <5 m , m < n 'g (p ’ |En| V^/ 2 

Proof. Formula (|92l) is obtained from ((Ml) by a simple calculation, using the definition (l89l) of 
c'(n) and c"(n). Formula (1931) is obtained from (1921) using the expansion K^ = exp(/iiL M /2) = 
Ylk h k H k /(2 k k\). □ 

Suppose x,y € U g . There are non-zero a,b £ CfrH 1 ] such that ax, by € X^. By (1931) . (ax, by) £ 
C[u ±1//2 ]. Hence we can define ( x,y) = £ C(n 1//2 ). Thus, we have a C(u)-bilinear form 

(94) (.,.) :XJ q ®XJ q ^C(v 1 / 2 ). 

Remark 4.11. The form we construct is not new. On U 9 the form 2z? is exactly the quantum 
Killing form (or the Rosso form) [Rosl ITa| (see (Jaj). which was constructed via an elaborate 
process. For example, if one defines the quantum Killing form by (1931) . then it not easy to check the 
ad-invariance of the quantum Killing form. Essentially here we give a geometric characterization of 
the quantum Killing form: it is the dual of the clasp element c. The ad-invariance of the quantum 
Killing form then follows right away from the ad-invariance of c. We also determine the space 
X/, , which in a sense is the biggest space for which the quantum Killing form can be defined (with 
values in (C[[h]]). 

4.7. Properties of quantum Killing form. We again emphasize that the form SY is ad-invariant, 
i.e. the map «£? in (1901) is a U^-module homomorphism, see Lemma [2.191 It follows that the form 
m is Ug-ad-invariant. 

Since each of (c'(n)} and (c"(n)} is a topological basis of X/j and they are dual to each other, 
the bilinear form (.,.) is non-degenerate. 

From (|92|) . we see that the quantum Killing form is triangular in the following sense. Let 
x, x' £ X/j H U^ v ’ , y, y' £ X^ n UjJ, and z, z' £ X^ FI U^, then 

(95) (xyz, x'y'z') = (x, z') (y, y') (z, x'). 

The quantum Killing form is uniquely determined up to a scalar by the ad-invariant, non¬ 
degenerate, and triangular properties, see [ JL3 . Theorem 4.8]. 

The quantum Killing form is not symmetric. In fact, for i,i/£ X/,, we have 

(y,x) = (x,S 2 (y)) = (S~ 2 (x),y), 

which follows from the identity (id ®S 2 ) (c) = C 21 . If y is central, then S 2 (y) = K- 2 P yK 2 P = y. 
Hence 

(96) (x, y) = (y, x) if y is central. 

The quantum Killing form extends to a multilinear form 


(.,.) : x® n ®xf*->c [[Vh\] 
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where Xf t n is the topological closure of X| ,n , by 

n 

(xi <g>. .. ®x n ,yi <g> ... <g> y n ) = \\{xj,yj). 

3 = 1 

Lemma 4.12. Suppose x,y,z are element o/X^ = X / 1 n U^-. Then 

(97) (xy,z) = {x®y, A(z)) 

Proof. This follows from (1921) . with n = m = 0. □ 

Note that (1971) does not hold for general x,y,z € X/,. 

4.8. Twist system associated to X/, and invariant of integral homology 3-spheres. 

According to the result of Section 12.131 the core subalgebra X/ t gives rise to a twist system 
7± : X/, —»• C[[V7T]], defined by 

T±(x) = (r ±:L , x) 

and an invariant Jm €E C[[\//i]] of integral homology 3-spheres M. Recall that Jm is defined as 
follows. Suppose T is an n-component bottom tangle with 0 linking matrix and € {—1,1} and M 
is obtained from S 3 by surgery along the closure link cl(T) with the framing of the i-th component 
switched to e*. Then 

Jm = (T ei ® ■ ■ ■ < 8 > T £ti )(Jt )• 

In the next few sections we will show that Jm € Z[g], 

Let us calculate the values of 7± on basis elements. Recall that 

r 0 = AT_ 2 P exp(-i ^ H a H a /d a ). 

2 aen 

Proposition 4.13. (a) Fix a longest reduced sequence i. For m, n € N *,7 € Y,x € X() ; one 

(98) T+(F m K m xE n ) = i m ,n? (ft|En|) (r 0 ,*) 

(99) (r 0 ,X 7 ) = u (7.rt-i(7,7) G Z[u ±1/2 ]. 

(b) For every x € X/ 1; one has 

(100) 71 (s) =T f (</?(x)). 

Proof, (a) By ([73]), 

r = ^ F n K n r 0 E n . 

neN 4 

Identity (|98l) follows from the triangular property of the quantum Killing form. Identities in (1991) 
follow from a calculation using (1921) and the explicit expression of ro- 

(b) By (1511) . c = (<^®5~ 1 (/j)(c). By Proposition 12.201 for y € X^ and x € X^, one has 

(101) (y,x) = (S~V(y),¥>(a;)). 

By Corollary 13.Ill and (1771) . 5 _1 ^(r -1 ) = r. Using (1101 jl with y = r -1 , we get (HOOD . □ 
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4.9. Twist forms on U g . By construction we have twist forms 7± : —>• C[[\//i]], with domain 

X/, and codomain C[[\//i]]. We can change the domain to get a better image space. 

By Proposition 14.131 for m, n G N* and 7 € Y, 

(102) T+(F m A m X 27 E n ) = 4 m , n q (p ’ lEnl) € Z [q^] C Z[n ±1 ], 

Because {F m K m K 2 1 E n m,n£ N *,7 € Y} is a C(u)-basis of U® v , we have 

Tf (Ug v n x ft ) c C(v) n C[[Vh}}. 

Using T~(x) = 7+((p(x)) (see Proposition 14.131) . and the fact both U® v and X/i are (^-stable, we 
also have 

T(u e ;nx,)cC(r)nC[[^]]. 

Because U® v n X/j spans U° v over C(v), we can extend the restriction of 7± on U° v n X/ t to 
C(n)-linear maps, also denoted by 7±: 

T± : U® v -A C(n). 

The values of 7+ on the basis elements are given by (11021) . It is clear that 

(103) T±(U| v ) C Q(n). 
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5. Integral core subalgebra 

In Section [4] we constructed a core subalgebra of U ^ which gives rise to an invariant Jm of 

integral homology 3-spheres with values in C[[\//i]]. To show that Jm takes values in Z [q] we need 
an integral version of the core algebra. This section is devoted to an integral form Xz of the core 
algebra X/,. 

In order to construct Xz we first introduce Lusztig’s integral form Uz and De Concini-Procesi’s 
integral form \z- Then we construct Xz so that (U^,X^, V^) form an integral dilatation triple 
corresponding to the topological dilatation triple (U/i, X^, V^). 

Lusztig introduced Uz in connection with his discovery (independently with Kashiwara) of canon¬ 
ical bases. De Concini and Procesi introduced Vg in connection with their study of geometric 
aspects of quantized enveloping algebras. For the study of the integrality of quantum invariants, 
Lusztig’s integral form Uz is too big: it does not have necessary integrality properties. For ex¬ 
ample, the quantum Killing form ( x,y) with x,y € Uz belongs to Q(w 1//2 ) but not to Z[u ±1//2 ] in 
general. On the other hand De Concini-Procesi’s form Vz is too small in the sense that completed 
tensor powers of Vz do not contain the universal invariant of general bottom tangles. (Recently, 
however, Suzuki [Sull lSu2] proved that, for g = sl 2 , the universal invariant of ribbon and boundary 
bottom tangles is contained in completed tensor powers of Vz.) Our integral form Xz is the perfect 
middle ground since it is big enough to contain quantum link invariants and small enough to have 
the necessary integrality. We believe that Xz is the right integral form for the study of quantum 
invariants of links and 3-manifolds. 

We will show that De Concini-Procesi’s Vz is “almost” dual to Lusztig’s Uz under the quantum 
Killing form, see the precise statement in Proposition 15.151 This fact can be interpreted as an 
integral version of the duality of Drinfel’d and Gavarini [Drj. ICavl . Using the duality we then show 
that the even part of Vz is invariant under the adjoint action of Uz, an important result which 
will be used frequently later. We then show that the twist forms have nice integrality on Xz- 

5.1. Dilatation of based free modules. Let A be the extension ring of A = ZjtA 1 ] obtained by 
adjoining all y/<t>n(q), n = 1, 2,... , to A. Here (j> n (q) is the n-th cyclotomic polynomial and q = v 2 . 
One reason why working over A is not too much a sacrifice is the following. 

Lemma 5.1. One has AnQ(q) = Z[g^ 1 ]. 

Proof. Since y/4>k{q ) is integral over Z[q^ 1 ], A is integral over r L[q ±1 \. Hence AnQ(q) = Z[g^ 1 ]. □ 

Suppose V is based free A-module, i.e. a free .4-module equipped with a preferred base (e(i) | 
i € I}. Assume a : I —>■ A is a function such that for every i € I, a(i) is a product of cyclotomic 
polynomials in q. In particular, a(i) A 0 and y/a(i) € A. The based free .4-module V(a) C V, with 
preferred base (a(i)e(i) | i € /}, is called a dilatation ofV, with dilatation factors a(i). Let V(y/a) 
be the based free .4-module with preferred base {\/a(i) e{i) \ i € I}. We call {V,V(y/~a),V(a)) a 
dilatation triple determined by the based free .4-module V and the function a. 

We will introduce the Lusztig integral form Uz, the integral core algebra Xz, and the De Concini- 
Procesi integral form so that (Uz,Xz, Vz) is a dilatation triple. 

5.2. Lusztig’s integral form Uz- Let Uz be the .4-subalgebra of U g generated by all , K ± 1 , 

with a € n and n € N. Set UJ = Uz C U* for * = —, 0, +. 
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Let us collect some well-known facts about Uz- Recall that E and F^, defined for n E N* 
in Section 13.6.21 depend on the choice of a longest reduced sequence. 

Proposition 5.2. Fix a longest reduced sequence i. 

(a) The A-algebra Uz is a Hopf subalgebra of\J q , and satisfies the triangular decomposition 

U z <8> Uz <8> UJ —> Uz, x®y®z xyz. 

Moreover, Uz is stable under the action ofT± l ,a E n. 

(b) The set {F^ |neN ( } is a free A-basis of the A-module U z . Similarly, {E^ | n E N*} is 
a free A-basis of U z . 

(c) The Cartan part U z is the A-subalgebra of\J q generated by K^ 1 , ^ a -q°‘) ri ? a € II, n E N. 

(d) The algebra Uz is stable under q,ar A, an d T- Moreover U z is stable under q,ar and t. 

Proof. Parts (a)-(c) are proved in |Eu 2| and [Lull Proposition 41.1.3]. Part (d) can be proved by 
noticing that each of ibar, t, T maps each of the generators Ea ' > , F^ . K^ 1 of Uz into Uz, and each 
of ibar and t maps each of the generators Fa of U z into U z . □ 

We will consider U Z ,U Z as based free .4-modules with preferred bases described in Proposi¬ 
tion [5T2jb) . Later we will find a preferred base for the Cartan part U z . 

Let U z v = U Z CU“ be the even part of Uz- From the triangulation of Uz we have the following 
even triangulation of Uz and U z v : 

(104) U z v,_ <8> U| <8> U z Uz, x <g> y <g> z eA xyz 

(105) U^®U; v,0 ®UjAu^, x®y®z^r xyz. 

Here U z ’° = U| v n U® v ’°, with U° = C(v)[K± 2 , a E H], and U z ’ _ = U| v n Uf ~ = y>(U+). 

From Proposition I5.2l bl and U z v ’ = ip( U z ), we have the following. 

Proposition 5.3. The set {F^K n \ n E N 4 } is a free A-basis of the A-module U z v ’ . 

We will consider U z v,_ as a based free .4-module with the above preferred basis. 

5.3. De Concini-Procesi integral form Vz. Let Vz be the smallest .4-subalgebra of Uz which 
is invariant under the action of the braid group and contains (1 — q a )E a , (1 — q a )F a and K^ 1 for 
a E n. For * = 0, +, —, set VJ = Vz H U*. 

Remark 5.4. In the original definition, De Concini and Procesi m Section 12] used the ground 
ring Q[u ±:L ] instead of A = Tj[v ±1 \. Our Vz is denoted by A in m 

Fix a longest reduced sequence i. For n = {ri\ ,..., nf) E N*, let 

t 

(106) (q;q)n = Yl(q lj -,q lj )n j - 

3 = 1 

Note that (q',q) n depends on i since 7 j = 7 j(i) depends on i. 














56 


KAZUO HABIRO AND THANG T. Q. LE 


Proposition 5.5. Fix a longest reduced sequence i. 

(a) The A-algebra Vz is a Hopf subalgebra o/Ug. 

(b) We have = A^f 1 ,..., Kf 1 ] and the triangular decomposition 

<8> <g) Vj Vz, x®y®ze^xyz. 

(c) The set {(g; q) n FA) | n G N 4 } is a/ree A-basis of the A-module V z . Similarly, {(g; g) n EA) | 
n G N*} is a free A-basis of\if. 

Proof. The proofs for the case when A = is replaced by Q[n ±:L ], were given in m Section 

12]. The proofs there remain valid for A. Note that in m, our Vz is denoted by A. □ 

The even part Vg v := Vgfl U® v is an .4-subalgebra of Vz- From the triangular decomposition 
of Vz, we have the following even triangular decompositions 

(107) V® v ’- (8) V® v ’° (8) V+ A V| v , x®y®z^xyz, 

(108) V^ v ’ _ <8> <8> Vj —Vz, x®y®ze^-xyz, 

where V^’° := V z n Uf’ 0 = A[K ± 2 ,..., Kf 2 ] and V° v ’“ := V z D U^’” = <p(V+). 

From Proposition 15.2( b) and Uq V,_ = </?(U+), we have the following. 

Proposition 5.6. The set {(q; q) n FA)K n \ n G N*} is a free A-basis of the A-module V^ v ’ . 

We will consider V^ v,_ as a based free .4-module with the above preferred basis. Then V^ v,_ 
is a dilatation of U^ v,_ . Similarly, we consider Vj as a based free A -module with preferred base 
given in Proposition 15.51 Then Vj is a dilatation of Uj. 

5.4. Preferred bases for Ug and V^. We will equip and with preferred .4-bases such 
that Vg is a dilatation of U^. Recall that dfj = K aj , qj = q Q] . 

For n = (m ,..., nf) G and <5 = (<5i,..., 5i) G {0,1 } £ let 


(109) 

( 110 ) 
( 111 ) 


K “ L 2 

t ^3 


-2L?J l -J K 2 


Q* v (n) := J 




3 = 1 


(^j> Qj)r 


Q(n,S) :=Q ev (n)l[K 5 / 

3 =1 


l 

{Q'i l)n := | J_ (Qj i Qj)rij 

3 = 1 


Proposition 5.7. (a) The sets (Q ev (n) | n G N £ } and {(g; g) n Q ev (n) | n G N^} are respectively 
A-bases of Ug V ’° and V^ v ’°. 

(b) The sets {Q(n, <S) | n G N^, d G {0,1} £ } and {(g; g) n Q(n, 5) | n G N^,d G {0,1}^} 
respectively A-bases of U| v and V| v . 


are 
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Since U", V° are .4-subalgebras of the commutative algebra , Kf 1 ], the proof is 

not difficult though involves some calculation. We give a proof of Proposition 15.71 in Appendix iBl 

Remark 5.8. In |Lu3l . Lusztig gave a similar, but different, basis of U^. Our basis can be obtained 
from Lusztig by an upper triangular matrix, and hence a proof of the proposition can be obtained 
this way. We chose the basis in Proposition 15.71 instead of Lusztig’s one for orthogonality reason. 


5.5. Preferred bases of Uz and V^. Recall that we have defined (q; q) n in two cases depending 
on the length of n, see (|106l) and (I111D : either n = (m,..., nt ) € N 4 , in which case, 

t 

(QtQ)h = J_ J_ ('? 7 , i Qy^rij j 
3 = 1 


or n = (ni, ..., nf) € N^, then 


i 

{Q'i Q )n = 11 (Qctj i Qotj)rij ■ 

3 = 1 

The hrst one depends on a longest reduced sequence since 7 j does, while the second one does not. 

Introduce another ( q-,q) n , with length of n equal 2 t + t. For n = (ni,n 2 ,n 3 ) € where 

ni, n 3 € N* and n 2 € N^, define 


(112) {q\q) n ■= (<?;<?)m {q\q) n 2 (<?;<?)n 3 - 
Further if S € {0,1}^, let 

(113) e ev (n) := F (ni) A ni Q ev (n 2 )E^\ e(n, 6) := F (ni) K ni Q{ n 2 , S)E^\ 

Proposition 5.9. (a) The set 


{e(n,^)|neN w+^ ,^e{0,l} , } 

and its dilated set 

{(q-q) Q e(n,S)\nen t+e+t ,Se{0,lY} 
are respectively A-bases of Uz and Vz- 
(b) The set 

(e ev (n) | n € N t+e+t } 

and its dilated set 

{(<?;</)„ e ev ( n)|neN t+f+t } 
are respectively A-bases of U| v and V| v . 


Proof. The proposition follows from the even triangular decompositions of Uz and Vz, together 
with the bases of U^ v ’ , U^, and V^ v ’ , V^, Vj in Propositions 15.2115.51 and 15.71 □ 

We will consider Uz, U| v , Vz, V^ v as based free .4-modules with the preferred bases described 
in the above proposition. Then Vz is a dilatation of Uz, and V^ v is a dilatation of U| v . 
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5.6. Relation between and V/j. 

Proposition 5.10. (a) One has V| v C \z C V^. 

(b) Moreover. is the topological closure (in the h-adic topology o/U/J of the C [[h]]-span of 
V^ v . Consequently, is also the topological closure (in the h-adic topology ofXJh) of\z- 

Proof, (a) It is clear that V^ v CV^. Let us prove C V^. 

Fix a longest reduced sequence i. By Proposition 14.21 V/, is the topological closure of the C[[h]]- 
subalgebra generated by h.H a , hF y , hE 7 , with a G II, 7 G < L+- 

For every 7 G there is a unit u in C[[/i]] such that 1 — g 7 = hu, and 

(114) (1 - g 7 )F 7 = u(/iF 7 ) G V fc . 

Similarly, (1 — g 7 )U 7 € V^. We already have G V/ s . Since (1 — q 1 )F 1 , (1 — g 7 )I? 7 , K^ 1 generate 
as .4-algebra and is an .4-algebra, we have \z C V^. 

(b) Let be the topological closure of the C[[h]]-span of V| v . We have to show that = V^. 
From part (a) we now have that C V/ t . It remains to show C V^. It is easy to see that 
is a C[[/i]]-algebra. 

Since K\ G V| v and 

hH a = iog(Kj) = - f; EESL, 

Z — J n 

n =1 

we have hH a G for any a G II. It follows that K^ 1 = exp(±hH a /2 ) G V^. 

From (11141) . 

LF 7 = u _1 (l — q 1 )(F 1 K 1 )K~ 1 G V),, hE-^ = u _1 (l — q 7 )E^ G V) t . 

Thus, hH a ,hF^,hE y are in V' h for any a G 11,7 G ^+- Since V/ t is the topological closure of 
the C[[h]]-algebra generated by hH a , hF 7 , hE- f , we have V/, c V^. This completes the proof of the 
proposition. □ 

Corollary 5.11. The algebra is stable under the braid group action, i.e. T^ 1 (V/ l ) C for 
any a G II. 

Proof. Since \z is invariant under the braid group actions, and is the topological closure of 
the C[[h]]-span of V^, is also invariant under the braid group actions. □ 

Remark 5.12. Using Corollary 15.111 one can easily prove that V is the smallest C[[h]]-subalgebra 
of which 

(i) contains hE a ,hF a ,hH a ,a G II, 

(ii) is stable under the action of the braid group. 

(iii) is closed in the h-adic topology of U^. 

5.7. Stability of under i\ iar ,T, ip. By Proposition 15.21 XJz is stable under iban U and cp. 
Proposition 5.13. The algebra \z Is stable under each of t, (p, and i-bar- 
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Proof. Recall that V z is the smallest „4-subalgebra of U z containing (1 — q a )E a , (1 — q a )F a ,K a 
for a € II, and is stable under the action of the braid group. Let / be one of r, tp, tbar- 

Claim 1. /(V z ) is stable under the braid group action. 

Proof of Claim 1. (i) The case / = r. By [Jaj Formula 8.14.10], rT a = T“ 1 r for every a € II. 
Since T a generate the braid group, we conclude that, like V z , r(V z ) is also stable under the braid 
group. 

(ii) The case / = <p. Recall that S is the antipode. By Proposition 13.2] ip = Sk = nS, where 
n — tbarTW is a C-anti-automorphism of U/,. Our n is the same n in m, where it was observed 
that k commutes with the action of the braid group, i.e. nT a = T a n for a € II. It follows that 
k(Vz) is stable under the braid group. Since <p(V%) = kS(Vz) = k(V z ), <^(V z ) is stable under 
the braid group. 

(iii) The case / = tbar- Checking on the generators, one has tbar = ktuj. 

By Formula 8.14.9 of [Ja], if x € U 9 is Y-homogeneous, then T a (u(x)) ~ u:T a (x), where x ~ y 
means x = uy for some unit u € A. As Vg has an A-basis consisting of Y-homogeneous elements 
(see Proposition 15.91) . we conclude that w(Vz) is stable under the braid group. The results of (i) 
and (ii) show that tbar(Vz) = ktcj(V z ) is stable under the braid group. 

This completes the proof of Claim 1. 

Claim 2. One has V z C /(V z ). 

Proof of Claim 2. Using explicit formulas of f~ x in Section [3721 one sees that each of /” 1 (( 1 — 
q a )E a ), / -1 ((1 - q a )Fa), f^iKa) is in V z . It follows that each of (1 - q a )E a , (1 - q a )F a ,K a is 
in /(V z ). Together with Claim 1, this implies /(V z ) is an algebra stable under the braid group 
and contains / _1 ((1 — q a )E a ), / -1 (( 1 — q a )F a ), / -1 (AT a ). Hence /(V z ) D V z . This completes the 
proof of Claim 2. 

Since r and ibar are involutions and p> 2 {x) = K-ipxKip (by Proposition 13. 2p . we have / 2 (V Z ) = 
V z . Applying / to V z C /(V z ), we get /(V z ) C / 2 (V Z ) = V z . Hence, V z = /(V z ). □ 


5.8. Simply-connected version of U z . Recall that the simply connected version U g is ob¬ 
tained from U q by replacing the Cartan part U]) = Cwith the bigger U° = 
C(v) [K ^ v ,..., A"^ 1 ]. We introduce an analog of Lusztig’s integral form for U g here. 

The C(u)-algebra homomorphism l : —>• U°, defined by i{K a ) = K a , a € n, is a Hopf algebra 

homomorphism. Let 

U°z := *(U£), U Z V ’° := W’°). 

Then U Z ,U Z V ’° are A-Hopf-subalgebra of TJ° V ’° . Define 

Uz := U Z U Z , U| v := U* V ’°U| V . 

For m € S = (Si ,..., 5f) € {0,1}^, define 

Q ev (m) := r(Q cv (m)), Q{m, S) := t(Q(m,S)) 
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and furthermore for n = (ni , 112 , 113 ) G N t+e+t define 

l 

(115) e ev (n):=F^K n3 Q ev (n 2 )E^\ e(n, S) := e ev (n) K^. 

3 = 1 

Proposition 5.14. (a) Uz is an A-H opf-subalgebra of XJ q , and U| v is an A-subalgebra 0 / Ug. 
We also have the following even triangular decompositions 

(116) U| v ’ ® Ug V ’° <8> Ug —A- U| v , x®y®ze^-xyz. 

(117) ur-®u£®u+ —» Uz, x <E) y <S) z ha xyz, 

(b) The sets {e(n, 5) | n € N t+ ^ +t , S G {0, l} 1 } and (e ev (n) | n G N t+ ^ +t } are respectively A-bases 
of Uz and U| v . 

(c) One has TJ Z > U| v C U^ v . Consequently. U z > U| v C U| v . 

Proof, (a) As an A-module, is spanned by 

, ._K™(qZK 2 a -q a ) k 

Ja,m,n,k • / \ 5 

Wet; 9aJib 

with a G n, m, n,G Z and k € N. Hence = t(Ug) is A-spanned by f a ,m,n,k '■= t(.fa.m.n,k)■ If 
x G Uz is K-homogeneous, then, using (1581) which describes the commutation between K a and x, 

(U8) fa,m,n,k X = V 171 ^’ 0 ^ X f ajTn y jk , 

where n' = n + (|x| ,a)/d a G Z. Hence, Uz commutes with U^ in the sense that UzUg = U^Uz- 
Since both Uz and U^ are A-Hopf-subalgebras of U^ and they commute in the above sense, 
Uz = UzUz is an A-Hopf-subalgebra of U 9 . 

Identity (1 118 D also shows that each of commutes with each of Uf. Uj, U^. Hence, 

U| v = Ug V ’°U| v is an A-subalgebra of Uz- The triangular decompositions for U| v and Uz follows 
from those of and U^ v and Uz- 

(b) Combining the base {Filing} of U| v,_ (see Proposition 15.31) . {( 5 ev (n 2 )} of U^ v ’° (by 
Proposition 15.71 and isomorphism i), {F* n i)| of U^ (see Proposition 15.2p . and the even triangular 
decompositions of Uz and U| v , we get the bases of Uz and U| v as described. 

(c) Since Uz contains E^\ Fi n \ K ^ 1 , which generate Uz, we have Uz C Uz- Let us prove 
Uz > Ug v C U| v . From the triangular decomposition of Uz, U| v , U 9 , we see that U| v = Uz D U° v . 

Since Uz is a Hopf algebra, we have Uz > U!| v C Uz- By Lemma [3761 

Uz > U| v CU,t> U" v C U^. 

Hence Uz > U| v C Uz fl U® v = U| v . This finishes the proof of the proposition. □ 

5.9. Integral duality with respect to quantum Killing form. Recall that {e ev (n) | n G 
j s an yi_b as i s of U| v (Proposition 15.91) . and (e ev (n) | n G i s an A-basis of U| v 

(Proposition 15.141) . We will show that these two bases are orthogonal with each other with respect 
to the quantum Killing form. 
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Recall that we defined (q;q ) n = (<?; q)m(q] q)n 2 (Qi < 7 )n 3 > see Section [5751 
Proposition 5.15. (a) For n, m € there exists a unit it(n) € A such that 

(e ev (n), e ev (m)) = <5 n ,m 

Q)n 

(b) The A-module V| v is the A-dual of U| v in U“ v with respect to the quantum Killing form, 

i.e. 

V| v ={i€ U^ v | {x, y) € A Vy£ U| v }- 

Proof. Define the following units in A. For m = (mi,..., mf) € N 4 and k = (k \,..., kf) € let 

«i(m) = n^. “2(k) = JJgaj L(fcj+1)/2j • 

j =i i=i 

For n = (ni,n 2 ,n 3 ) € let 

u( n) = g( p ’l En 3 l)ti 1 (ni)u 2 (n 2 )rti(n 3 ). 

(a) We will use the following lemma whose proof will be given in Appendix [Bj 
Lemma 5.16. For k, k' £ N^, one has 

(119) (Q ev (k), Q ev (k')) = 4,k'« 2 (k)/(g; q) k- 

For p € N*, using the definition of E p , F p in Section 13.7.11 we have 

p(p) ® (F p ® F p ). 

Q'jp 

Suppose n = (ni, n 2 , n 3 ) and m = (mi, m 2 , m 3 ) are in Using the definition of e ev (n) and 

e ev (n) from (|113|) and (| 115 h . the triangular property of the quantum Killing form, and Formulas 
AMD and (II191) . 

(e ev (n), e ev (m)) = (F^)A ni , F( mi ))(Q ev (n 2 ), Q ev (m 2 ))(F^), F(^) JF m3 ) 

_ 4i,mi ^T(®l) 42 ,m 2 ^ 2 (^ 2 ) ^ 113 ,m 3 q^’^ n3 ^ I^l(n 3 ) _ 4,m 1 i(n) 

(q',q) m ( q;q)n 2 (<?;<?) n 3 (<?;<?) n 

(b) By Proposition 15.91 {(q; q) n e ev (n) | n € pji+t+i} j s an ^4-basis of V| v and a C(u)-basis of U® v , 

and by Proposition 15.141 (e ev (n) | n € N t+ ^ + *} is an A-basis of U| v . Part (b) follows from the 
orthogonality of part (a). □ 

Remark 5.17. From the orthogonality of Proposition 15.151 we can show that 

( 120 ) c = V iM^e ev (n)®e ev (n). 

u(n) 

ne N*+*+* V ' 
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5.10. Invariance of V^ v under adjoint action of Uz- The adjoint action makes Uz a Uz- 
module. The following result, showing that V| v is a U^-submodule of Uz, is important for us and 
will be used frequently. 

Theorem 5.18. We have Uzi>V| v C V| v . In particular, Uz»V| v C V| v , i.e. V| v is Uz-ad-stable. 

Proof. By Proposition 15.141 Uz > U| v C U| v , and by Proposition 15.151 V| v is the 4-dual of U| v 
with respect to the quantum Killing form. Besides, the quantum Killing form is ad-invariant. 
Hence, one also has U^i>Vg v C V^ v , as the following argument shows. Recall that we already have 
Uz > C U* v (see Lemma [KlTl) . Suppose a £ Uz, x £ V| v . We will show a > x £ V| v . We have 

a > x £ V| v (a t> x,y) £ A Vy £ U| v by duality, Proposition 15.151 

<4> ( x , 5(a) i> y) € 4 Vy e U| v by ad-invariance, Proposition (12.41) fbj. 


Since S(a) o y £ Uy v , the last statement (x, S(a) >y) £ A holds true by Proposition 15.151 Thus we 
have proved that U z > V| v C V| v . ' □ 

Remark 5.19. We do not have Uz > C \z in general. For example, when g = 42 and 

a yl /3 £ U, 


E a > Kp = (v — 1 )KpE a 0 \z- 

However, when g = A\, we do have Uz > C V^, as it easily follows from [Sull Proposition 
3.2], where a more refined statement is given. 

5.11. Extension from A to A: Stability principle. Recall that A is obtained from A by 
adjoining all square roots y/<t>k(q), k = 1 , 2 ,... of cyclotomic polynomials (j>k(q)- 

Suppose V is a based free 4-module with preferred base {e(i) \ i £ 1} and a : I —>• A is a function 
such that for every i £ I, a(i) is a product of cyclotomic polynomials in q. We already defined the 
dilatation triple (V,V(y/a),V(a)) in Section [54] Recall that V(a) is the free 4-module with base 
{a(i)e(i) \ i £ I}, and V(y/a) is the free 4-module with base {y/a(i) e(i) \ i £ I}. 

For any 4-module homomorphism / : V\ —>• V 2 we also use the same notation / to denote the 
linear extension / (g> id : V\ (g>. 4 4 —> V 2 4, which is an 4-module homomorphism. 

Proposition 5.20 (Stability principle). Let (V\, V\(y/af), Li(ai)) and (V 2 , V2(\/®2)> ^ 2 ( 02 )) be two 
dilatation triples, and f : V\ —> V 2 be an A-module homomorphism. If f{Vi(a\)) C ^ 2 ( 02 ), then 
EV 2 (^af). 

Proof. First we prove the following. 

Claim. Suppose a,b,c £ A, where b,c are products of cyclotomic polynomials (j>k(q)- If ab/c £ A 
then ay/b/c £ A. 

Proof of Claim. Since 4 is a unique factorization domain, one can assume that b and c are co-prime. 
Then a must be divisible by c, a = a'c with a' £ A. Then ay/b/c = a'y/bd £ A, which proves the 
claim. 
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The proof of the proposition is now parallel to that in the topological case (Proposition 14.61) . 
Using the bases (ei(i) \ i € I\} and {e 2 (i) | i € I 2 } of V\ and V 2 , we can write 

/MO) = X] 

k£l 2 

where fjf = 0 except for a finite number of k (when i is fixed) and € A. 


Multiplying by ai(i) and y 7 a\ (i), we get 

( 121 ) 


/(ai(*)ei(*)) = ^ fi (a 2 (k)e 2 (k)) 

kei 2 a2W 


( 122 ) 


/ (V'oi(i)ei(z)) = J2f' 


t k a nv 


k&I 2 


a 2 {k) 


(y/a 2 {k)e 2 (k)j . 


Since /(Vi(ai)) C V 2 (a 2 ), (11211) implies that ,/f "yy £ -4> which, together with € .4 and the 
Claim, implies that 


fi 


' ai(i) 
a 2 (k) 


€ A 


Now (11221) shows that /(U (yAf)) C V^y^ol). 


□ 


5.12. The integral core subalgebra X z . By Proposition 15.91 we can consider U z as a based 
free .4-module with the preferred base {e(n, <5) | n G N t+e+t ,Se { 0 , 1 } £ }. 

Let a : N t+e+t X {0,1 } £ -A A be the function dehned by a(n, S) = {q\ q) n , where (q\q) n is defined 
by ( 11 12 D . We will consider the dilatation triple (Uz, Uz(\/a), U z (a)). By Proposition 15.91 U z (a) 
is V z . 

Let X z be U z (y / a), which by definition is the free .4-module with basis 

(123) (VMe(n, S) | n € fM +i , <5 G {0,1} £ }. 

The even part X| v of X z is defined to be the .4-submodule spanned by 

(124) (yMMe ev (n) | n G N*+* +t }. 

Then X| v = X z D (U^ v 0^.4), and (Ug v , X| v , V^ v ) is a dilatation triple. 

Theorem 5.21. (a) The A-module X z is an A-Hopf-subalgebra of U z 0.4 A. 

(b) The A-module X| v is an A-subalgebra of U| v 0^.4. Besides, X| v is 

(i) U i-ad-stable, 

(ii) stable under the action of the braid group, and 

(iii) stable under i-bar and ip. 

(c) The core algebra X/j is the y/h-adic completion of the C[[y/h]\-span o/X| v (or X z j in Uy^. 

Proof, (a) Let us show that A(X Z ) C X z 0 X z . Since (U Z ,X Z , V z ) is a dilatation triple, (Uz 0 
U Z ,X Z 0 X z , V z 0 V z ) is also a dilatation triple. We have A(U Z ) C U z 0 U z and A(V Z ) C 
V z 0 Vz. By the stability principle (Proposition 15.201) . we have A(X Z ) C X z 0 X z , i.e. X z is an 
Acoalgebra. 
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Similarly, applying the stability principle to all the operations of a Hopf algebra, we conclude 
that Xz is an 4-Hopf-subalgebra of Uz A. 

(b) Because V| v is an .4-subalgebra of U| v , the stability principle for the dilatation triple 
(U| v , X| v , V| v ) shows that X| v is an .4-algebra. 

By Theorem 15.181 V| v is Uz-ad-stable; and by Proposition 15.131 V| v is stable under an T- 
Since U!| v is Uz-ad-stable is stable under ibar and <p (by Proposition 15.21) . the stability principle 
proves that X| v is (i) Uz-ad-stable, (ii) stable under the action of the braid groups, and (iii) stable 
under ibar and ip. 

(c) Each element of the basis (|123l) of Xz is in X/,. Hence Xz C X/, . On the other hand, the 

4-basis (|124h of X| v is also a topological basis of X^. Hence X^ is the y/h- adic completion of the 
C[[\//i]]-span of X| v in U^. □ 

Corollary 5.22. (a) The core algebra X/, is stable under the action of the braid group. 

(b) The core algebra X/ t is a smallest y/h-adically completed topological C[[y/h]\-subalgebra of 
which (i) is closed in the y/h-adic topology, (ii) contains y/hE a , y/hF a , y/hH a for each a € n, 
and (iii) is invariant under the action of the braid group. 

Proof, (a) Since X^ is the y/h- adic completion of the C[[\//i]]-span of X| v , which is stable under 

the action of the braid group, X/,, is also stable under the action of the braid group. 

(b) Let X.' h be the smallest completed subalgebra of satisfying (i), (ii), and (iii). Since X^ 
satisfies (i), (ii), and (iii), we have X' /t c X^. 

For each 7 € <L + , E 7 and F 7 are obtained from E a ,F a ,a € n by actions of the braid group. 
Thus X( ; contains all y/hE^, yfhFy, 7 G and y/hH a ,a € n, which generate X/, as an algebra 

(after h- adic completion). It follows that X/, c X) t . Hence X^ = X) ( . □ 

Remark 5.23. The disadvantage of Xz is its ground ring is A , not A. Let us define 

x_4 = Xz n Uz. 

Then X _4 is an 4-algebra. However, X _4 is not an 4-Hopf algebra in the usual sense, since 

A(X^) £ X _4 <Su X_ 4 . 


Let us define a new tensor product 

(125) (X^) Kn := Xf n n Uf n , (X^) Kn := (X| v )® n D (U| v )® n . 

Then we have 

A(X^) = A(Xz n Uz) C (Xz <8> Xz) n (Uz ® Uz) = X _4 IEI X_ 4 . 

Hence X_ 4 , with this new tensor power, is a Hopf algebra, which is a Hopf subalgebra of both Xz 
and Uz- 

What we will prove later implies that if T is an n-component bottom tangle with 0 linking 
matrix, then 

J T e^m(X e jf n /(( q -, q ) k ). 

k 

However, we will not use X _4 in this paper. 
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5.13. Integrality of twist forms 7± on X^ v . Recall that we have twist forms 7± : -A C[[\/7i]]. 

By Theorem 15.211 Xg C X^. 

The embedding A ^A C[[/i]] by v = exp(/i/ 2 ) extends to an embedding A -A C[[V/i]]. Although 
there are many extensions, it is easy to see that the image of the extended embedding does not 
depend on the extension, because the two roots of <f>k{q) are inverse (with respect to addition) of 
each other. 

Proposition 5.24. One has 7±(X^ V ) C A. 

The proof of this proposition will occupy the rest of this section (subsections l5.13.Tfl5.13.41 ) 

5.13.1. Integrality on the Cartan part. 

Lemma 5.25. (a) The Cartan part Xly 0 o/X| v is a A-Hopf-subalgebra of X^ . 

(b) Suppose x,y € X^ v ’° and A € X. Then (x,y) € A and (x,K 2 \) € A. 

Proof, (a) Since X^ v ’° is an .4-subalgebra of the commutative co-commutative Hopf algebra Xg, 
we need to check that A(X^ V ’°) C X^ v ’° ® X^ v ’°. This follows from the fact that X^ is an .4-Hopf 
algebra, and A (K 2 ) = K 2 ® K 2 . 

(b) Recall that 1: -A is the algebra homomorphism defined by l(K a ) = K a . Recall that 

(Ug V ’°, X^ v '°, V^ v ’°) is a dilatation triple. We have Ug V ’° = i(U^ v ’°). Define X^ v ’° = {(X^’°) and 
V^ v ’° = W°). Then (Ug V ’°,X^ v ’°,Vg V ’°) is also a dilatation triple. Then X^ v ’° and X ^ v ’ 0 are 
free .4-modules with respectively bases 

(126) (V (q;q) n Q(n) | n € N £ }, W(q‘,q)nQ(n) | n G N £ }. 

Since the inclusion Ug V ’° A Ug V ’° maps V^ v ’° into V^ v ’°, the stability principle fProposition l5.20l) 
shows that Xg V ’ 0 C X^ v ’°. In particular y € X^ v ’°. 

The orthogonality (11191) and bases (11261) show that if x € X ^ v ’ 0 and y € Xg V ’° then (x, y) € A. 
Since K 2 \ € X^ v ’°, we also have (x, K 2 \) G A. □ 

5.13.2. Diagonal part of the ribbon element. The diagonal part ro of the ribbon element (see Section 
m is given by 

r 0 = X_ 2p exp(-fr ^ H a H a /d a ). 

aElI 

For a € ft let the a-part of X^ v ’° be X^’ 0 ’ 0 := X^ v ’° D A[K± 2 \. 

Lemma 5.26. (a) Each X^ v,0 ’“ is an A-Hopf-subalgebra o/X^ v '° and X^ v '° = 0 Qgn X^ v ’°’“. 

(b) For any a € II, (ro, X^’ 0 ’ 0 ) € A. 

Proof. By definition, X^ v '° has .4-basis { y 7 (< 7 ; q) n Q ev ( n) | n € N^}, where Q ev (n) = n y = 1 Q{° L j'i n j)i 
with 
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It follows that X ^’ 0 ’ 0 is the .4-module spanned by y '(q a ; q a )nQ(oi; n), and X^ v ’° = 0 ae n Xg V,0 ’ a . 
Because X^ v ’° is an AHopf-algebra (Xemma 15.251) . X^ v,0 ’ a is an AHopf-subalgebra of X^ v '°. 

(b) We need to show that for every n € N, (ro, \J{q a \ q a )nQ{cr, n)) € A. Fix such an n. 

Let X be the ideal of K± 2 } generated by elements of the form ( q m K 2 ; q a ) n , m G N. Then 

(q a ) q a )nQ(or, n) € X. By (JMJ) 

{ro,KL) = q- k2+k . 

With 2 = K 2a , the Z[gJ 1 ]-linear map £* : — > ZfqA 1 ] given by C*(K$ a ) = (r 0 ,K$ a ) is 

equal to the map C_ x 2 +x : z^ 1 ] —$■ ZfgA 1 ] of |BCL . By jBCLi Theorem 2.2], for any / € X, 

£.(/) 6 } q ‘' q f n ZIA 1 ]. 


(Qai Qa) \ n/ 2 \ 


As (q a \ q a ) n Q(cr,n) € X, one has 

(127) (r 0 ,(q a -,q a ) n Q(a;n)} = £*((q a ;q a ) n Q(ar,n)) € 

We have 


(q a ;q*)n 


y/ ( qa i qa)r 


( qa 5 qa) [n/2j 

(q a -,q a )n ^eZ[q^], 


\{qa] qa) \n/2\ J \ (i?a! qa) \n/2\ {qa]qa)\n/ 2J . 

where the last inclusion follows from the integrality of the quantum binomial coefficients. Hence, 
from (1127D . 

OL 5 qa)n „ r ±1 


( r 0 ) \/(^ai (?a)ra Q( a i ^)) G 


(i?a> 9a) |n/2j 


] G A 


This completes the proof of the lemma. 


□ 


Remark 5.27. Theorem jBCLi 2.2], used in the proof of the above lemma, is one of the main 
technical results of jBCLj and is difficult to prove. Its proof uses Andrews’ generalization of the 
Rogers-Ramanujan identity. Actually, only a special case of Theorem jBCLi 2.2] is used here. This 
special case can be proved using other methods. 


5.13.3. Integrality of ro- 

Lemma 5.28. Suppose x €E X^ v,0 ; then (ro,x) € A. 


Proof. We first prove the following claim. 

Claim. If (ro,x) € A for all x € and for all x € J# 2 , where are AHopf-subalgebras 

of Xg V ’°, then (ro, x) € A for all x € 

Proof of Claim. Suppose x € ,y S J4? 2 . Using the Hopf dual property of the quantum Killing 
on the Cartan part (1971) . we have 

(r 0 ,xy) = (A(r 0 ),x<g )y). 

A simple calculation shows that A(ro) = (ro<8>ro)2?~ 2 , where T> is the diagonal part of the R-matrix, 

V~ 2 = exp(—/i^ H a <g> H a /d a ). 

a 
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Writing V 2 = ^ ^ <g) d 2 , we have 

(r o,xy) = '^2(r 0 5i,x)(r 0 52,y) 

= S< r °’ ^(i)X^i^(2))<ro, 2/(i)X^2,2/(2)) 

(128) = ^^<r 0 , a7(i))<r 0 ,2/(i))<a7( 2 ), 2 /( 2 )), 

where in the last identity we use the fact that ^(di, x)(d 2 , y) = ( x , y), which is easy to prove. (Note 
that on the Cartan part Xp, the quantum Killing form is the dual of T>~ 2 , which is the Cartan part 
of the clasp element c.) 

Since x (1) € and y (1) G J^ 2 , we have (r 0 , x (1 ))(r 0 , 2 /( 1 )) € A. By Lemma Ej5](b) , (x( 2 ),2/(2)) G 
A. Hence, (11281) shows that (ro ,xy) G A. This proves the claim. 

By Lemma f5.261 Xg V ’° = (Slagn Xg V ’°’ a , each X^ v,0 ’“ is a Hopf-subalgebra of X| v ’°, and (ro, X^ v,0,a ) 
A. Hence from the claim we have (ro, X^ v ’°) C .4. □ 

5.13.4. Proof of Proposition \5.24\ 

Proof. We have to show that for every x G X| v , T±(x) G A. First we will show 7+ (x) G A. 

It is enough to consider the case when x = \J (g; q) n e ev (n), where n = (ni, k, 113 ) G pj*+*+* } since 
X^ v is ^.-spanned by elements of this form. By the triangular property (1951) of the quantum Killing 
form and (l98l) . 

7+0*0 = ^ni,n 3 g (p ’ |£nil) (r Q , V(9;9)kQ(k)) G A. 

Here the last inclusion follows from Lemma 15.281 This proves the statement for 7+. 

By Theorem 15.211 X| v is (^-stable. By (jlOOl) . we have 71(x) = 7+(X x )) G A. □ 

5.14. More on integrality of ro. 

Lemma 5.29. Suppose y G X^ v '°. Then (r^ 1 , K 2 P y) G v^’^A. 

Proof. Since X ^ v ’ 0 is a Hopf-algebra (Lemma I5.25|) . we have A (y) = l) ® 2 /( 2 ) with 2 /( 1 ),2 /( 2 ) G 
X* v ’°. Using (11281) then (1991) . we have 

(r 0 ,K 2p y) = ^(ro,K 2 p)(r 0 , 2 /( 1 ))(X 2p , 2 /( 2 )) = 2 /(i)> (K 2p ,y( 2 )), 

where we use (ro,iv 2p ) = y( p,p \ which follows from an easy calculation. The second factor (ro, 2 /( 1 )) 
is in A by Lemma 15.281 The last factor {K 2p , 2 /( 2 )) is in A. Thus, we have (ro,KT 2 p 2 /) G v^ p,p ^A. 

Using (1 1001) . the fact that X^ v ’° is (^-stable, and the above case for ro, we have 
(r^ 1 ,K 2p y) = (r 0 ,ip(K 2p y)) = (r Q ,K 2p <p(y)) G v M A. 

This completes the proof of the lemma. □ 
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6. Gradings 


In Section T3.31 we defined the Y-grading and the Y/2Y-grading on U 9 . In this section we define 
a grading of U 9 by a group G, which is a (possibly noncommutative) central Z/2Z-extension of 
Y x (Y/2Y), thus refining both the two gradings by Y and Y/2Y. This grading is extended to the 
tensor powers of U 9 . 


The reason for the introduction of the G-grading is the following. The integral core Xg will be 
enough for us to show that the invariant Jm of integral homology 3-spheres, a priori belonging to 
C[[Vh}}, is in 


\^m'L[v ±l ]/{{q-q) k ). 

k 


But we want to show that Jm belongs to a smaller ring, namely Z[q\ = lim fc 7j[q ±l }/{{q] q)k), and the 
G-grading will be helpful in the proof. In the section [7] we will show that quantum link invariants 
of algebraically split bottom tangles belong to a certain homogeneous part of this G-grading. 


6.1. The groups G and G ev . Let G denote the group generated by the elements v. K a , e a (a € II) 
with the relations 

v central, v 2 = K\ = 1, K a Kp = KpK a , 

K a ep = v^epKa, e a ep = v^epe a . 

Let G ev be the subgroup of G generated by v, e a (a € II). 

Remark 6.1. The groups G and G ev are abelian if and only if g is of type A\ or B n (n > 2). 

Define a homomorphism G —>• Y, g i —> |p|, by 

|u| = \K a \ = 0, \e a \ = a (a € II). 

For 7 = Yji m i a i € set 

^=nc=c 

i i 

Note that e 7 depends on the order of the simple roots 07 ,..., cq €E II. 

One can easily verify the following commutation rules: 

(129) gK x = vM’^kxg for g e G, A € Y, 

(130) gg> = vMm g >g for g,g' € G ev . 

Let N be the subgroup of G generated by v. Then N has order 2 and is a subgroup of the center 
of G. Note that G/N = Y x (Y/2Y) and G ev /N = Y. 


6.1.1. Tensor products of G and G ev . By G(g> G = G<S>n G, we mean the “tensor product over IV” 
of two copies of G, i.e., 

G (g) G := (G x G)/ ((vx, y) ~ (x, vy)). 

Similarly, we can define G ® G ev , G ev ® G ev , etc., which are subgroups of G <g> G. Denote by x <8> y 
the element in G ( 8 ) G represented by (a:, y). Thus we have vx ® y = x ® vy. 
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Similarly, we can also define the tensor powers G® n = G ® • • • < 8 > G, ( G ev )® n 
G® n (each with n tensorands). Define a homomorphism i n : N —> G® n by 

in (v k ) = v k ® l®!"" 1 ), fe = 0 , 1 . 

We have 


For n = 0. we set 


G® n /i n (N) ^Y n x ( Y/2Y ) n , (G ev )® n /i n (N) “ 


G® 0 = (G ev )®° = at. 


G ev <g> • • • <g> G ev c 


6.2. G-grading of U 9 . By a G-grading of XJ q we mean a direct sum decomposition of C(g , )-vector 
spaces 

u, = © [U,] s 

g&G 

such that 1 € [U 9 ]i and [U 9 ] g [XJ q ] g , C [V q ] gg , for g,g' <E G. If x € [U 9 ] s , we write deg G (x) = g. 
Proposition 6.2. There is a unique G-grading on U 9 such that 

deg G (u) = v, deg G (K± a ) = K a , deg G (E a ) = v da e a , deg G (F a ) = e~ l K a . 


Proof. Since v ±l , K a , E a , F a generates the C(g)-algebra U 9 , the uniqueness is clear. Let us prove 
the existence of the G-grading. 

Let XJ q denote the free C(g)-algebra generated by the elements v, u _1 , K a , K~ l , E a , F a . We 
can define a G-grading of U 9 by 

deg G ('5 ±1 ) = v, deg G (K± l ) = K a , deg G (E a ) = v da e a , deg G (F a ) = e~ l K a . 


The kernel of the obvious homomorphism XJ q XJ q is the two-sided ideal in XJ q generated by the 
defining relations of the C(g)-algebra U g : 


Here, for n, s > 0, 


n 


s 

l J a 


vv 1 

= 

V l v 

= 1, 

v 2 

= q, v 

central, 


K a K~ 

i 

= k~ 1 

k a = 

1. 

ka k 8 

= k B k a 


KaEp 

k~ 

_ 

ii 

k a 

AKA 

= V 

{a ’^Fp, 

E a Fg 

— FpE a = 5 

*A<i d 

a _ 

l)- 1 ^ 

(k a - 

- k- 1 ), 





- 







£(- 

i y 

"i 

^a(3 

s 

eI 

— a oc(3 

~ S EpK 

= 0 

(« 


s=0 




a 







1 a oi/3 


r 


- 







£(- 

i) s 

i 

s 


Fa 

a a/3 

- s FpK 

= 0 

(a 


s=0 




a 







is obtained 

from 

n 

s 


G Z 

VaiV- 1 } 

by replacing v 


±1 


',±cIq 


above relations are homogeneous in the G-grading of U„, the assertion holds. 


□ 
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From the definition, we have 

ur = © [u,i„. 

g&G ev 

We say that x G U g is G-homogeneous, and write x = g, if x G for some g G G. Similarly, we 

say x G XJ q is G ev -homogeneous if x G [U g ] s for some g G G ev . 


6.2.1. The G® m -grading of U® m . For rn > 1, U® m is G® m -graded: 

ur = © tun. 

geG® m 

where, for g = gi ® • • • 0 g m G G® m (g t G G), we set 

= [U,W ®C( W ) • • • ®c(„) c uf\ 

Note that C(u) = U®° is N(= G®°)-graded: [©(v)],^ = v k C (q), k = 0,1. We extend the IV-grading 
of C(u) to a G-grading by setting 


[C(u)]«j 


gC(q) if g = 1 or g = v 
0 otherwise . 


6.2.2. Total G-grading of U® m and G-grading preserving map. For g G G and m > 0, set 

[TTlglmi ._ \ fTT® m l 

l u g 19 ■— \gi®-®gm- 

gi,- .,gm£G; gvgm=g 

This gives a G-grading of the C(g)-module U® m for each m > 0. (If rn = 0, we have [U® 0 ]^ = 
[C(v)]^fc = v k C(v) for k = 0,1, and [U ®°] 9 = 0 for g G G \ {1, ?>}.) 

A C[[/i]]-module map / : U® n —»• U® m is said to preserve the G-grading if for every g G G, 
/([uf"] s ) C [Uf”V Here 

l u z"lj = [Uf ”] 9 n Uf". 

6.3. Multiplication, unit, and counit. From the definition of the G-grading, we have the fol¬ 
lowing. 

Proposition 6.3. Each of n,r],e preserves the G-grading, i.e. 

M([Uf U C [U q ] g , rj([C(v)]g) C [U q ] g , e([U,] s ) C [C(u)] 9 . 

6.4. Bar involution t,\ t , ir and mirror automorphism ip. From the definition one has immedi¬ 
ately the following. 

Lemma 6.4. The bar involution tbar : —>• preserves the G-grading. 

Let 99 : G —>• G be the automorphism given by <p(v) = v, p(K a ) = K a , <p(e a ) = v da e~ l . From 
the definition of ip one has the following. 

Lemma 6.5. g G G, we have y?([U q ] g ) C [U 9 ]^,( a ). 
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6.5. Antipode. Define a function S: G — » G by 

S{gk 1 ) = k^g = v^gk lMg \ 

for g G G ev , 7 € Y. One can easily verify that S is an involutive anti-automorphism. 

Lemma 6.6. For g G G, we have <5([U g ] s ) C In particular, if y = S(x) where x is 

G ev -homogeneous, then 

(131) y = ±K\ X \ = K\ x \x. 

Here y = deg G (y) and x = deg G (x). 

Proof. It is easy to check that if x = v, K a , E a , F a , then S(x) is homogeneous of degree S(g). If 
x, y G Uq are homogeneous of degrees x, y G G, respectively, then S(xy) = S(y)S(x) is homogeneous 
of degree S(y)S(x) = S(xy). Hence, by induction, we deduce that, for each monomial x in the 
generators, S(x) is homogeneous of degree S(x). This completes the proof. □ 


6.6. Braid group action. Define a function T a : G —>• G by 

Ta(gky) = v£ r{r+1) e r a gk Sa ^ where r = -(\g\,a)/d Q , 
for g G G ev , 7 G Y. Note that T a is an involutive automorphism of G, satisfying T a (G ev ) C G ev . 
Lemma 6.7. If g gG, then we have 

F.«u,U c [ujjy 9) . 


Proof. It suffices to check that for each generator x of \I q we have T a {x) G [U g ]T a (deg G (a:))’ which 
follows from the definitions. □ 


6.7. Quasi-R-matrix. For A G Y, set 

Ox = e~ x l K x <8 e A G G® 2 . 

We have Oq = 1 (g) 1. Note that 6\ does not depend on the order of the simple roots or,..., cq. 

Lemma 6.8. For A ,/iG Y, we have 

exO tl = e x+p . 

Proof. 

0\0 p = {e^K x <g> e x )(e~ l k p <g) e p ) 

= ef 1 Kxef^k^ ® e x e p 
= ef^ef 1 K X K, L <g) e x e p 
= (e\ e M ) _1 A' A+At <g> e x e p 
= efl^k x+ ^ (8) e A+M 
= Ox+fi- 

□ 
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The automorphism T a : G —» G induces an automorphism 

T<f = G® 2 ->• G® 2 , gi 0 g 2 ^ T a ( 9l ) 0 T a («? 2 ). 
Lemma 6.9. If a £ II and A £7, t/ien we have 

T®\e x ) = e SaW . 


Proof. We have 

T® 2 (A) =f^ 2 (ef 1 K x ®e x ) 

=T a {ef l )T a (K x ) 0 T a (e A ) 

=T Q (e A ) _ 1 hT SQ ( A ) 0 T a (e x ). 

Hence it suffices to show that 

(132) T Q (e A ) -1 0 T Q (e A ) = e" 1 ^ 0 e So(A) , 

which can be verified by using the fact that there is k £ {0, 1 } such that T a (e x ) = v k e Sa r x \. C 

Recall that 0 is the quasi-R-matrix and its definition is given in Section [3.7.11 For 7 € T+, let 
0 7 £ U ® 2 denote the weight (— 7 , 7 )-part of 0, so that we have 0 = © 7 . Similarly, let 0 7 

denote the weight (— 7 , 7 )-part of 0 = 0 _1 . 

Lemma 6.10. For 7 € Y + , we have 0 7 ,0 7 € [U® 2 ]^ . 


Proof. Suppose i 


where we set 


,it ) is a longest reduced sequence. Note that 

0 = V ©M • • • ©W 

m=(mi,...,m t )eZ i , |i?m(i)|=7 


©H := (T a . ■■■T a . 

n \ a J1 a H-i 


r\{-i) n v a f 


-\ n 



For each a £ n, we have 

(-1 ®e-£ [Uf]^. 

By L':inmii ii.dl we deduce that ©,. £ U ® 2 is homogeneous of degree 

Hence it follows that 0 7 is homogeneous of degree 9 1 . The case of © 7 follows from 0 ' 1 = (tbar 0 
ibar)(©) and Lemma EH which says tbar preserves the G-grading. □ 

Corollary 6.11. Fix a longest reduced sequence i. For m £ N *,7 € Y, 

(133) E m 0 K m F m , E' m 0 K m F^ £ [U| v 0 U| v ], ® U| v ]i- 

(134) F m K m K 2 l E m £ [Uz] 1 . 

Here A m — j E m j — j E m |. 


Proof. We have 0 = F m 0 E m and 0 1 = ® -E'm- Hence, (11331) follows from Lemma 

16.101 In turn, (|134|) follows from (1133|) . because K 27 = 1. □ 
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6 .8. Twist forms. Recall that we have defined 7± : U| v —> Q(v), see Section [TUI 
Proposition 6.12. Both mapsT± : U| v —>• Q(v) preserve the G-grading, i.e. T± ([U| v ] g ) C [Q(u)] 9 . 

Proof, (a) First we consider the case of 7+. The set 

{Fm Km K 2l E n | n, m G N 4 ,7 G T} 
is a Q(v)-basis of U^ v (g )_4 Q(v). Hence, 

{v 5 F m K m K 2l E n | n, m G N 4 , 7 <E Y, 5 G {0,1}} 
is a Q(g)-basis of U| v (8)^ Q(u). Each element of this basis is G- homogeneous. By (jl03lh 
T + (v 5 F m K m K 2l E n ) = <S n , m A (7,p) “ (7,7)/2 € t^Zfe* 1 ] = 

By Corollary 16.Ill the G-grading of v s F m K m K 2 ~ f E m is v s . Hence, we have 
(135) T+([W®^Q(i;)] fl )c[Q(i;)] fl . 

(b) Now consider 71. Using ([10011 . Lemma [631 and (I135D . we have 

T- ([U| v ® A Q(v)] g ) = T+ (^([U| v <8u Q{v)] g )) C T+ ([U| v <8u Q(«)W)) C [Q^)]^ = [Q(u)] fl , 

where the last identity follows from the fact that for the involution ip, we have cp( 1) = 1 and 
ip{y) = v, and for any g 0 {l,u}, we have [Q(u)] 9 = 0. □ 


6.9. Coproduct. 

Lemma 6.13. Suppose x G \J q is G ev -homogeneous. There exists a presentation 

K{x) = ® ®( 2 ) 

such that each for each <S> x ( 2 )> 

(i) X(i) is G-homogeneous 

(ii) X( 2 ) and X(X)K\ x \ are G ev -homogeneous, and 

(136) ®( 1 )-^|x( 2 ) 1 *( 2 ) — •' — X {2)K\ x ^\ x {1)- 

Remark 6.14. A presentation of A(x) as in Proposition Lemma 16.131 is called a G-good presenta¬ 
tion. When x is G ev -homogeneous, we always use a G-good presentation for A(x). 

Proof. Suppose x,y are G ev -homogeneous. If A(x) = Yli x i ® x 'l an( l A(y) = YljVj ® Vj are G- 
good presentation of x and y respectively, then it is easy to check that )T1 ■ xhy'- % x”y '■ is a G-good 
presentation of A (xy). Hence, one needs only to check the statement for x equal to generators 
K 2a , E a , F a K a of U® v . For each of these generators, the defining formulas of A show that the 
statement holds. □ 
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6.10. Adjoint action. Define a map 


ad: G®G e 


G e 


by 


ad (gk x <8> g') = v^’^gg' 


for A E Y, g,g' E G ev . Note that for g,g' E G ev we have ad (g <S> g') = gg'■ 

Lemma 6.15. For g,g' E G ev and 7 E Y, we have 

ad([U» ® UTU^) c [UTWw)- 

In particular, if z = x>y where both x,y are G ev -homogeneous, then z is G ev -homogeneous with 

z = xy. 


Proof. Suppose x,y are G ev -homogeneous, and 7 E Y. Choose a G-good presentation A(x) = 
5 >(1) < 8 >X( 2 ) (see Section IC9l) . By definition, 

(xK 7 )>y = x (i)K 7 yS(x( 2 )K 7 ) = ^x^K^yKf 1 S(x^)) = ^V 7 ’ |y|) x (i ) yS , (x( 2 )). 

A term of the last sum is in [U g ] u , where 

u = yG,\v\) ±^y S(x (2) ) 

= h (7,|y|) x (1) yKj X(2) i x( 2 ) by Lemma [676] 

= U (7 ’ |y|) X (1) K jx(2) l X( 2 ) y 

— yh,\ y \) jry by (I136D . 

Hence we have the assertion. □ 
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7. Integral values of J m 


By Theorem 12.221 the core subalgebra X^, constructed in Section [4] gives rise to an invariant 
Jm of integral homology 3-spheres. A priori, Jm € C[[\//t]]. The main result of this section is to 
show that Jm £ Z[g] for any integral homology 3-sphere M. To prove this fact we will construct a 
family of .4-submodules JC n C X® n satisfying Conditions (AL1) and (AL2) of Theorem 12.291 with 
/Cq = Z[g]. Then by Theorem 12.291 Jm € /Co = Z[g], 


7.1. Module /C n . For n > 0 let [(U| v )® n ] 1 denote the G-grading 1 part of (U| v )® n . Define 
(137) K n ■= (X| v )® n n [(U| v )® n ] 1 c (xf n n uf n ) . 

In the notation of (11251) . K n = [X^ n ]i- For example, /Co = T,\q ±l ]. Define filtrations on /C n by 

F k (K n ) := (q;q)k>Cn C (h k xf n D h k XJ® n ) . 


Let JC n be the completion of /C n by the filtrations F k (K. n ) in U 1 


h > 


i.e. 


IC n :=\x = ± x k x k € F k (K n ) 1 C (Xf" D Uf n ) 


k=0 

Since /Co = Z[q ,±1 ], we have /Co = Z[g]. Each /C ra has the structure of a complete Z[g]-module. 

Proposition 7.1. The family (/C n ) satisfies Condition (AL2) of Theorem \2.29l Namely, ifsi ,... ,£ n G 
{±1} and x € JC n then 

{T ei ® • • • ®T £n )(x) G /C 0 = Z[(/]. 


Proof. By definition, x has a presentation x = Yl'kLoiq'i q)k%k, where x k G /C n C X/ t . Since 7± are 
continuous on the h-adic topology of X® n , we have 

OO 

(138) {T ei ® • • • ®T e J(x) = ^(g; g) fe (7^<g>... ®% n )(x k ) € C[[V^]]. 

fc =0 

Since x k £ )C n C (X| v )® n , by Proposition 15.241 (7^® ... ®T £n ){x k ) C A. 

Since x k € [(U| v ) lg)n ] 1 , by Proposition 16.121 (T £ 1 <S) ■ ■ ■ ®% n )(x k ) C [Q(u)]i = Q(g). Hence, 

(7^®... ®T en ){x k ) € .4 C Q(g) = Z[g ±:L ], 

where the last identity is Lemma EH From (11381) we have (' T £1 ® ■ ■ ■ ®T £n )(x) € Z[g]. □ 


7.2. Finer version of /C n . We will show that for an ra-component bottom tangle T with 0 linking 
matrix, Jt € /C n . Then Proposition 17.11 will show that Jm € Z[g] for any integral homology 
3-spheres. 

For the purpose of proving that Jm recovers the Witten-Reshetikhin-Turaev invariant, we want 
Jt to belong to smaller subsets of /C„, which we will describe here. 

Suppose U is an A-Hopf-subalgebra of Uz- Define (with convention = A) 

/c n {U) := /C n D U® n , F k (JC n (U)) := F k (K n ) CU® n . 
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Let JC n (U) be completion of JC n (U) with respect to the filtration (F k (IC n )) in LR, i.e. 

{ OO 

x = ^2 x k \ x k £ F k {K n (U)) 
k =o 

Since F k (K n (U)) C F k (JC n ) we have IC n (U) C K. n C xj® n . We always have K,q{U) = /Co = Z[g]. 

7.3. Values of universal invariant of algebraically split bottom tangle. Throughout we fix 
a longest reduced sequence i. 

Recall that T = c T> 2 is the quasi-clasp element, see Section f3.91 By Lemma 13.121 

r = £ ri(n)<g>r 2 (n), 

neN 2 * 

where for n = (ni, n 2 ) € N* x N*, 

(139) T^n) = r 2 (n) = F na K~^E ni . 

Proposition 7.2. Suppose U is an A-Hopf-subalgebra of Uz such that K a £ U for all a £ II, and 
F m <g) E m , F ^ <g> E' m £U ®U for all m € N*. 

Then the family (JC n {U)) satisfies Condition (AL1) of Theorem \ 2.291 Namely, the following 
statements hold. 

(i) lcp]l £ /Co {U), \\j h £ KLifU), and x <8> y £ K. n + m (U) whenever x £ K, n (U) and y £ K. m (U). 
(ii) Each of pi, A, S_ is (JC n (U))-admissible. 

(in) The Borromean element b belongs to IC^ilA). 

Note that under the assumption of Proposition 17.21 we have Ti(n) (g> T 2 (n) £ U ® U for all 
n G N 2 h 

Before embarking on the proof of the proposition, let us record some consequences. 

Theorem 7.3. Suppose U is an A-Hopf-subalgebra ofXJz satisfying the assumption of Proposition 
1 7. d| Then (a) For any n-component bottom tangle T with 0 linking matrix, Jt £ In 

particular, Jt £ K, n . 

(b) For any integral homology 3-sphere M, Jm £ Z[g]. 

Proof, (a) By Proposition 12.141 (i)-(iii) of Proposition 17.21 imply that Jt £ E n (U) C /C n . 

(b) By Propositions 17.21 and 17.11 ( K. n (U )) satisfies both conditions (AL1) and (AL2) of Theo¬ 
rem [27291 By Theorem 12.291 Jm £ /Co (U) = Z[q], □ 

The remaining part of the section is devoted to the proof of Proposition 17.21 Statement (i) of 
Proposition 17.21 follows trivially from the definitions. We will prove (ii) and (iii) in this section. We 
fix U satisfying the assumptions of Proposition 17.21 

Remark 7.4. (a) One can relax the assumption of the Proposition 17.21 requiring only that K a £ U 
for all a £ II and both 0 are in the topological closure of U (in the h -adic topology of LRcliUh). 
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(b) Almost identical proof shows that Theorem 17.31 holds true if U is an A-Hopf-subalgebra of 
Xg instead of U C Uv. 


7.4. Quasi-A-matrix. Recall that 0 = A n <8 A n , see Section 13.71 For a multiindex n = 

(ni,..., rik) G let max(n) = rriaxj (rij ) and 

(140) o(n) := (q; q) Lmax (n)/2J € Z^ 1 ]. 

Lemma 7.5. For each n G N*, we have 

(141) E n , E' n G o(n) U| v 

(142) An F n <8 A n , An A„ <8 A^ € o(n)(X| v (g) U| v ). 

Proof. We write x ~ y if x = uy with u a unit in A. From the definition of A n (see Section E3D, 

An ~ (?;?) n AW € (q;q) n U| v C o(n)U| v . 

Recall that A„ = tbar(A n ), A„ = q> a r(R n )- Since ibar preserves the even part ^Proposition 13.41) . and 
ibar leaves both and stable (Proposition 15.21 and Theorem 15.211) . tb ar leaves both U| v and 
X^ v stable. Hence, we have 

A(, = tbar(An) C 0 (n) tb ar(U| V ) = o(n)U| V , 
which proves (1141 jl . Let us now prove (114211 . We have 

An An <8 An - ( 9 ; ?)„ A< n >An ® A< n > - VfeifVfe^nAWffn) ® A< n > 

e v / (^U X| v (8 U| v C o(n) X| v ® U| v . 

Applying t bar , we get 

A^n 1 An ® An e o(n)(X| V ® U| V ). 

Since A^ g X| v , we also have AT n A„ (8 A^ G o(n)(X| v <8 U| v ). □ 

7.5. On A fc (/C n ). 

Lemma 7.6. For any fc, n G N, one has 

(143) E k {K n ) = (q-,q) k (^) m D [(U?)«"] 1 = (g; g)*(Xr)®" n [(U z )®"] , 

(144) (g; g)*^)®" n ((U| v )^ 8u .4) = (g; g) fc (XIT"- 


Proof. The preferred basis (11231) of X^ is a dilatation of the preferred basis of Uz (described in 
Proposition 15.9[1 . The basis of Uz gives rise in a natural way to an A-basis {e(i) \ i € 1} of 
U| in . By construction, there is a function a : I —>■ A such that {a(i)e(i) \ i G 1} is an .4-basis 
of X® n . Besides, there is subset I ev C I such that (e(i) | i € / ev } is an .4-basis of (U| v ) lg)Tl and 
{a(i)e(i) | i € 7} is an .4-basis of (X| v )® n . 

Using the .4-basis (e(i) | i € /}, every x € (Ui| n 8u A) has unique presentation 


Then 


x = y ^Xje(i), 
lei 


Xi € A. 


(a) x G U| )n if and only if Xj G .4 for all i € /. 

(b) x € (U| v ) lgm if and only if x* € A for alii G / and x* = 0 for i (f I ev . 
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(c) x G ((U| v )® n <S>a ^l) if and only if Xj = 0 for i 0 J ev . 

(d) x G (g; g)fc(Xz)® n if and only if x* G (g; q)ka{i)A for all i G I. 

(e) x € (g; g)fc(X^ v )® n if and only if x, t G (g; q)^a{i)A for al liGl and x* = 0 for i 0 I ev . 


Proof of (HMD. By (c) and (d), x G (g; g)fc(Xz)® n H ((U| v )® rl 0.4 A) if and only if x t G (g;g)fcd(i)A 
for all i G I and x* = 0 for i ^ J ev , which, by (e), is equivalent to x € (g; g)fc(X| v )® n . Hence we 
have (I144D . 


Proof of CHS. Since F, (fC„) = (q; q) k f(X| v )®” n [(U | v )®“] 1 \, we have 

C («;<i)f(xr)®”n [(UI'H, c («;«) t (x 7 )®”n [(Uz)®”],. 

It remains to prove the last term is a subset of the first, i.e. if y G (g; g)fc(X| v )® n n [(Uz)® n ] 1; then 
x := y/{q\q)k belongs to (X| v )® n PI [(U| v )® n ] 1 . By definition, 

xeixi^n-L-^UzH^ 


and we need to show x G [(U 2 V )® n ] r Since both y and (g; g)fc have G-grading 1, x = y/(q~,q)k is 
an element of (U 9 )® n has G-grading 1. It remains to show that x G (Ug v )® n . 


Because x G (X| v )® n , (e) implies Xi £ A and x; = 0 if i 0 I ev . Because x G ^■(Ug) 8 ' 1 , (a) 
implies x, G Q(u). It follows that x, G AnQ(u) = A and x\ = 0 if i 0 I ev . By (b), x G (U| v )® n . □ 


7.6. Admissibility decomposition. Suppose /: (U/j)® a —» (U/i )® 6 is a C[[/i]]-module homo 
morphism. We also use / to denote its natural extension /: (U .^)® 0 —>• (U^) 
Uft®c[[ft]]C[[V^]]- 

Recall that f preserves the G ev -grading if for every g G G ev , 


where = 


/ f(U 


■ev\®a'| 


c 


(ur 


J 9 


and / is (/C n {U ))-admissible if for every i,j G N, 

f(ij)fci+a+j(U)) C K-i+b+j(M), 

where f^j) = id®* (g)/(g) id®- 7 . 

The following definition is useful in showing a map is (/C n (U ))-admissible. 

Definition 4. Suppose f : (U /,,)®“ — >• (U ^)® 6 is a C [[h]\-module homomorphism. An admissibility 
decomposition for f is a decomposition f = Yh P oP f fp as an h-adically converging sum o/C[[/i]]- 

module homomorphisms f p : (Uh)®“ —>• (U^)® 6 over a set Pf, satisfying the following conditions 
(A)-(C). 


(A) For p G Pf, f p preserves the G ev -gradings. 

(B) For p G P f , f p {U® a ) C U® b . 

(C) There are m p G N for p G Pf such that linipgp^ m p = oo and for each p G Pf we have 

/p(( x z )®“) C (g; g) mp (X| v )® fe . 


Here, linipgp^ m p = oo means if n > 0, then m p > n for all but a finite number of p G P/. By 
definition, if Pf is finite, then we always have linipgp^ k p = oo. 
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Lemma 7.7. If f: (U/j)® a —» (U/J® 6 has an admissibility decomposition then f is ()C n (U))- 
admissible. 


Proof. Recall that F k (lC n {U)) = F k (lC n )nU® n . From Ml) . 

(145) F k (K n {U)) = {q-q) k 0^r n ^[{\J e f;r n ] l ^U® n . 


Let / = YlpeP fp be an admissibility decomposition of /. Suppose x € K,i +a+ j(U) with presen¬ 
tation 

x ^ ^ x k , x k €E F k (IC i+a+ j(U)). 

Then, with the h-adic topology, we have 

k,p 


We look at each term of the right hand side. Since x k € [(U| v )®* +a+ -'] ^ (A) implies that 

(146) (f r \ id) (x k ) € [(Uf)®^' 

Since x k € U® %+a+: >, Condition (B) implies that 

(147) (««,(**) €W®‘+“+l. 


J 1 


We have x k = ( q',q)kVk with y k G (X| v )®* +a+: h By Condition (C), 

(fp\ij)(xk) = {PF)k{fp\i,jM) e (Q-F)k(q;q) mp (^r i+b+j C ( g;g ) m(M (X| v )® i+ ^, 
where m(k,p ) = max(fc,m p ). Together with (|146l) . (11471) . and f| 145 f) . this implies 


Condition (C) implies that 

lim m(k,p) = oo. 

(fc^eNxP/ 

Hence, f(ij){x) = Ylk,p(fp)(i,j)( x k ) belongs to JC i+b+j . □ 

Remark 7.8. It is not difficult to show that the set of (/C n )-admissible maps are closed under 
composition and tensor product. Thus there is a monoidal category whose objects are nonnegative 
integers and whose morphisms from m to n are (/C n )-admissible C[[/i]]-module homomorphisms 
from U® m to U® n . According to Lemma f7.10l this category is braided with ipi : \ = ip, and contains 
a braided Hopf algebra structure. 

7.7. Admissibility of p. 

Lemma 7.9. The multiplication pi : —>• \J k is (JC n )- admissible. 

Proof. We show that the trivial decomposition, Pf = {0} and pi 0 = pi, is an admissibility decom¬ 
position for pi. 

(A) The fact that pi preserves the G ev -grading is part of Proposition 16.31 

(B) Since U is a subalgebra of Uz, pi(U ®U) CU. 

(C) Since X^ v is an A-algebra, we have /x(X| v <S> X| v ) C X| v , which proves (C). 
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By Lemma [7771 /r is (K, n )- admissible. □ 

7.8. Admissibility of if. 

Lemma 7.10. Each ofif^ 1 is 0C n )-admissible. 

Proof. First consider if. Using (f7Th and ([68jl . we obtain if = if m , where P ^ = N* and 

(148) ^ m ( x ®y)= v^ +Xm ’^~ Xm \E' m >y) <g) (F' m > x), 
with A m = ||- We will show this is an admissibility decomposition of if. 

(A) Suppose x,y € U| v are G ev -homogeneous. By Lemma 16.101 

E' m ®F' m £ [U Z <8> U z ]. k . 

From ()148H and Lemma 16.151 we have if m (x <g> y) € [(U| v )® 2 ] u , where 

u _ ,y(l2/|+Am,M—Am) a 'd(e Am (g) y) ad(e^EfA m <8> x) 

_ y,(|s/|+Am,M-A m )+(A m ,H) • ■ --i ■ 

Amy 0 A m 

_ ^(|j/|+A m ,|x|-A m )+(A m ,|x|)+(A m ,|j/|)+(|x|,|y|)^ 

= xy- 

This shows that if m preserves the G ev -grading. 

(B) By assumptions on U, E' m tg> F ^ € U <8) U and U is a Hopf algebra. Now (11481) shows that 
if m {U ®U) <ZU ®U. This proves (B). 

(C) By (|14ip . E' m <8> F' m € o(m)Uz <S> Uz- Hence, from ()148j) . 

if m (X% <g> X| v ) C o(m)(Uz o X| v ) ® (Uz > X| v ) C o(m)X| v <g> X| v , 

where for the last inclusion we use Theorem 15.211 a). which in particular says X| v is Ug-stable. 
This establishes (C) of Lemma 17.71 

By Lemma [7171 if is (K. n (U) (-admissible. 

Now consider the case if~ l . By computation, we obtain if~ l = ^ meN t('0^ 1 ) m; where 

(' l f~ 1 )m(x ® y) = v~^’ M \F m >y) ® (E m >a;), 

for homogeneous x,y € U^. The proof is similar to the case of if. □ 

Remark 7.11. One can check that if -1 = {(p<^cp)if(^ 1 <^(p~ 1 ). Hence, the admissibility of if -1 
can also be derived from that of if. 

7.9. Admissibility of A. 

Lemma 7.12. The braided co-product A is (K, n (U))-admissible. 

Proof. Suppose x € U| v is G ev -homogeneous. By a simple calculation, we have 

(149) A=J]A m , 

mgN 1 
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where, with A m := \E' m \, 

(150) A m (x) = ^ U -(I*«I- A »)(£i n >x (2) ) 0 (K m F^) (K lx(2)l x {1) ). 


(A) By Corollary EH1 E' m 0 K m € [U| v 0 U| v ] We will use a G-good presentation 

A(x) = S ^(i) ® ®( 2 ) ( see Section E3D- From Lemma 16.151 each summand of the right hand side 
of (|150l) is in [(U| v )® 2 ] u , where 

u = 0 -(l* (a) I.Am) ^ i(2) iL |x(2)| ± (1) 

— ; C(2) -^|aj( 2 )| ^(1) = 

Here the last identity is (I136D . Thus, A m preserves the G ev -grading. 

(B) Since K a G 7/ and E' m 0 K m F' m 6W ®U, (|150l) shows that A m (U) dU ®U. 

(C) Let x G X^ v . By an argument similar to the proof of Lemma 16.131 we see that 

x (2) ®> ^-|x( 2 )F(i) € -^-| V ® ^| v • 

By (HMD, 

E' m ®K m F' m d o(m)U| v 0X| v . 


Hence, from (11501) . 

A m (x) € o(m) (U| v > X| v ) X| v C o(m) X| v , 

where for the last inclusion we again use the fact the X^ v is U^-stable lTheorem l5.2ip . This shows 
(C) of Lemma 17.71 holds. By Lemma 17171 A is (/C n (G))-admissible. □ 


7.10. Admissibility of S_. 

Lemma 7.13. The braided antipode S_ is {K n (U))-admissible. 

Proof. By computation, we obtain S_ = where 

(151) S m (x) = S-^Em > x)F m K_\ x \ 
for y-homogeneous x G U^. We will assume x is G ev -homogeneous. 

(A) By Lemma [6761 we have S_ m {x) G [U z ] ff , where 

g = 5' _1 (ad(eA m 0 x)) e^k\ m k_\ i: \ = S~ 1 (e Xtn x)e^k Xm k _ N 
= k l±l xk Xm e Xm ef^k Xm k_ l±l = x. 

(B) Since K a G U and E m 0 F m dU 0 7/, () 151 D shows that S_ m {U ) C U. 

(C) We rewrite (J151D as 

(152) S m (x) = tr(l*l’l E ^S-\E m > x)K_ lEmHxl K m F m . 

By (11421) . E m 0 K m F m € o( m) (U z 0 X| v ). Since X| v is Unstable, 

E m >x® K m F m d o(m) (U z > X| v 0 X| v ) C o(m) (X| v 0 X| v ). 

Hence, from (11521) we have 


which proves property (C). 


S m (x)Go(rn)X| v 
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By Lemma [7771 5 is (/C n (Z7))-admissible. 


□ 


Thus, statement (ii) of Proposition YT?2\ holds. 


7.11. Borromean tangle. The goal now is to establish (iii) of Proposition 17.21 Namely, we will 
show that b G /C 3 , where b is the universal invariant of the Borromean bottom tangle. 

First we recall Formula (1391) which expresses b through the clasp element c using braided com¬ 
mutator. With c = n eN 2 *[ri(n) ®r 2 (n)]P 2 , Formula (f39l) says 

^ ^ bn,m? 

n.mSN 24 

where for n, m G N 2f , 

(153) b n , m := (id® 2 ®T)([ri(n)®ri(m)®r 2 (m)®r 2 (n)p 14 2 P 23 2 ). 

Here if x = M x' < 8 ) x" then x '14 = ^x'( 8 )l( 8 )l( 8 ) x", X 23 = M1 ® x> ® x " ® 1- 

Lemma 7.14. For n, m G N 2t one has b nm G o(n, m)K. 3 (U). Consequently, b G /C 3 (U). 

(Recall that o(n,m) = (g; g)|m ax (n,m)/ 2 j •) 

The remaining part of this section is devoted to the proof of Lemma 17.141 


7.11.1. Quasi-clasp element. Recall that ri(n),r 2 (n) are given by (I139D . for n G N 2t . 

Lemma 7.15. Suppose n = (ni,n 2 ) G N f x NP Then 

(154) ri(n) ® r 2 ( n ) G jc 2 = (x| v f 2 n [(U| v f 2 ]i 

(155) ri(n)®r 2 (n) G o(n)X| v ®U| v . 

Proof. We write x ~ y if x = wy with u a unit in A. Note that y/ (g; q) ni F^ ni \ yj (g; q ) n2 E ( ' tl2 ' > are 
in X| v , as they are among the preferred basis elements. Using the definition (11391) of ri(n),r 2 (n), 
we have 

(156) r 1 (n) (gi r 2 (n) ~ (g; g) ni (g; q^F^K^E^ ® F^K^E^ G (X| v f 2 . 

From Corollary 16.Ill Ti(n) (g) T 2 (n) , which is in (U^ v )® 2 , has G-grading equal to 

(^ni ®n2 ) (^n2 ® n l) 1' 

This shows Ti(n) <g> T 2 (n) G (X | v )® 2 D [(U^ r ) <S)2 ] i = /C 2 . This proves (I154D . 

Because y/(q; g)„, (g; q) n 2 F (n ^K ni ] E (n ^ G X| v and F^K^E^ G U| v , from (HMD, we have 

Fi(n) « r 2 (n) G y/(q- g) ni (g; g) n2 (X| v ) ® U| v C o(n)(X| v ) ® U| v . 


This proves (I155|) . 


□ 
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7.11.2. Decomposition of b n m . Recall that V = exp(§ XXen H a ® H a /d a ) is the diagonal part of 
the P-matrix. We will freely use the following well-known properties of T>: 

(A® 1 )(P) =V 13 V 23 , (e®>l)(P) = l, (S® 1 )(P) =V~\ 


where P 13 = ^1 ® 1 <8 P 2 , P 23 = 1®P£ U® . In the sequel we set 

V~ 2 = J2 < 5 ! ® S 2 = 6 'i ® 4 


Recall (I153D 

b n ,m = (id ® 2 (g)T) ^[ri(n) (g> ri(m) ® r 2 (m) ® r^n^PfP.f) . 

By (1401) . T is the composition of four maps: 

T = /x o (ad® id) o (id ®jf?® id) o (id ® A). 

Using the above decomposition, one gets 

(157) b n , m = r o ,/f o /£ o /—(ri(n) ® r 2 (n)) , 
where 

(158) : Uf 2 -A U® 3 , /^(x) = [(id<®A)(xP- 2 )] P 2 2 P 2 3 

(159) f : Uf -A Uf, fHx) = [(id®P® id)(xV u 2 )\ Pf 

(160) /f : Uf -A- Uf ,/f (x) = (id® 2 (®ad<8 id) (jxi ® ri(m) <8) r 2 (m) ® x 2 <8 x.-^PfP^Pf 

(161) r ■ uf -a uf, r (*) = ad ® 2 ®/x)(xP 2 3 pr4 2 )- 


Similarly, using (1411) instead of (l40l) . we have 

(162) b n m = f o f o /^o / 4 (ri(m) ® r 2 (m)j , 

where /—, f— are as above, and 


(163) 

(164) 


fn : Uf -A Uf, /f (x) 
f : Uf -A Uf, /fx) : 


: (id ® 3 <8M r )([ r i( n ) <8 £1 <8 £2 <8 £3 ® r 2 (n)]P 24 2 P 15 2 j 
(id® 2 (8 r)(x'P| 3 P 24 2 ). 


P 


2 

24 


We will prove that each of is (/C n )-admissible, while each of /n d ,/„ d maps /C 3 to 

o(n)/C 4 . From here Lemma 17.141 will follow easily. 


7.11.3. Extended adjoint action. To study the maps /—, /—, /f, /f, we need the following extended 
adjoint action. For a € U^ = U/i< 8 c[[/j]]C[[\//i]] and U-homogeneous x,y € Uy^ define 

a ► (y ( 8 ) x) : = [(id®ad a ) [{y ® x)P 2 )] P -2 
(165) = j/iF 2 | a(2) | (8 a ( i ) xS’(a (2) ). 

It is easy to check that (a (8 x (8 y) -A- a ► (x (8 y) gives rise to an action of U^ on U^cgiU^. 
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Lemma 7.16. (a) Suppose a,x,y £ Ug v are G ev -homogeneous, then 

(166) a ► (y <8 x) € [U| v (g) U z]y®ax 

(167) S-'a ► (y ® x) £ [U| v <8 U| v ]^ 

(b) One has U ► (U (8 77) <ZlA ®U. 

(c) One has 

U z *-(X| v < 8 X| v )cX| v 8 >X| v . 


Proof, (a) The right hand side of (11651) shows that a ► (y <8 cc) has G® 2 -grading equal to 

y (8) a ( i)xSXdp)) = V ® a(i)za (2 )X| a(2) | = V ® a^a^K^x = ij ® ax , 

where we use h(i)a( 2 )7f| a(2) | = a from (|136l) . This shows the first identity. The second one is proved 
similarly. 

(b) By assumptions on 77, K^ 1 £ 77 and 77 is a Hopf algebra. Hence, (b) follows from (11651) . 

(b) Suppose a € U z,x,y £ X| v , we need to show that a ► (y 8 > x) £ XJ V <8 X| v . Because 
(a&) ► (yiS>x) = a ► (6 ► (y< 8 x)), it is sufficient to consider the case when a is one of the generator 
Eq 1) . of Uz, where a £ n and n € N. The cases a = K^ 1 are trivial. 

(n) 

For a = Ea , a calculation by induction on n shows that 


E^ ► (y <8 x) = E(-!) n ^ n+( " r) 2 / (*& ® 4 n_i) (4 J) > * 

i K ^<la)n- 


3=0 

n 

E(-» 

l=o 




' 71-J 


a? 9a) n—j 


(q a ;q a ) n .,E^ 


E 


> £ 


The right hand side belongs to X| v <8 X^ v , since each factor in square brackets is in Xg v . 

(n) 

The case a = F& can be handled by a similar calculation, or can be derived from the already 
proved case a = ip(F a ) = K~ 1 E a , using 


(v <8 ip) {a ► (y 8 ) £)) = <p(a) ► {tp{y) ® <p(£)), 


which follows from the fact that <p commutes with S, A and <p(K a ) = X Q . 


□ 


7.11.4. TTie map /A. 

Lemma 7.17. The map f— : U ^ 2 —> U ^ 3 is (}C n (U))-admissible. 


Proof. Using the definition (11581) and the decomposition (I149|) of A we have f— = )T) ugN t where 

/A(y <8 £) = [^2 V s 1 ® Au(*^2)]T>?2^ , ^3- 
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We will show that /— = is an admissible decomposition. Using definitions, we have 

<8> A u (x 5 2 ) = E yJl ® > (^( 2 )(<5 2 )( 2 )) ® ^a u +|x (2) |^>(i)(52)(i) 

= E ydl6 'l (*(2)<5 2 ) ® ^A u + |r C(2) | i? u a; (l)^2 

= E^i ® (K)(l)Z(2)hS((K)(2)) ®^A„+|* (2) |^ ( 1)<52 

= X^ y ^ 2 l( E u)(2)l 5 l^l ® (^u)(l) a; (2)‘S'((- E u)(2))^2 ® ^Au+I^ajl^a)^ 

= (E^K^uIq)! 0 ( E 'u)(l)X(2)S{(E' u ) m ) ® K Xu+\^)\ F u X (l)) V 12 V 13 

= E (u (l * (a)l,Au) K ► (y® * (2) ) ® (K u Fi)K lx(2)l x {1) ) V-^l 

This shows that 

(168) /,f(:v (8) x) = E ^ (|a:(2)l ’ Au) (< ► (y ® X( 2 ))) ® (^uF;) (x'| X( 2)Ri) ) 

(A) Suppose x, y G U| v are G ev -homogeneous. By G-good presentation (see Section 16.911 and 
Lemma 17.161 all the factors in parentheses on the right hand side of (11681) are in U| v . 

From (|168l) and Lemma 17.161 /jr(y <8> x) G [(U| v )® 3 ] g , where 

g = v^2)\^)ye Xu x (2) e^k lx(2)l x {1] =yx {2 ) k\ H2) \x {1) = yx, 

with the last equality obtained from (11361) . This shows /(y preserves the G ev -grading. 

(B) Suppose x,y G 77. By assumptions on U , K a G U and E' u ® K U F^ G U<8)U. Now Lemma 17. 161 
shows that the right hand side of ([16811 is in G® 3 . Thus, /ir(G® 2 ) C G® 3 . 

(C) By (11421) . E' u ® K U F (, G o(u)(U!| v ® X| v ). Lemma PT. 161 and (11681) show that 

/£((X| v )® 2 )€o(u) (X-)® 3 . 

By Lemma [7771 /— is (/C n )-admissible. □ 


7.11.5. The map f—. 

Lemma 7.18. The map f— : U^ 3 —> Ul 13 is (JC n (U))-admissible. 


______ o _^ cy 

Proof. Using the definition (11591) and the decomposition (1 151 1) of S_. we have /— = ]U ueN t /;r, where 
fu(y <s>x<8> z) = [E ydi ® s.u( x fo) ® z E’u = (y ® 1 ® -z)(E^ ® £ u (x<52) ® i)£>f 2 2 - 
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Using the definitions, we have 
(1 ® S U )(E £i <8 x 5 2 ) = J2 h ® S u {xd 2 ) 

= J2 S i® 5-1 (^« > (x5 2 ))F u K_ lx{ 

= ^S 1 ®S- 1 ((E u ) {1) (x6 2 )S((E u ) {2) ))F u K_ { x1 
= E h ® (^u)(2)S- 1 (5 2 )5- 1 (x)5- 1 ((U u ) (1) )F u K_| x| 

= E ^(M+K^Dl+l^ulA ® (^u)(2)5- 1 (^)^ 1 ((^u)(i))F u F_ |3;| F- 1 (5 2 ) 

= (E ^2( N+ |(^) C1) | + |F U |) ® (^u)(2)5- 1 (x)5- 1 ((Fu)(i))F u K_ N ) P 2 

= E [(1 ® K -\x\Fu) (S- 1 <8 S' 1 ) (F u ► (tf_ 2W ® x)) ]P 2 . 

It follows that 

(169) /f(y < 8 x ® z) = ( 8 ) 1 8 > !)([(! <8 AU^A,,) (S -1 <8 S' -1 ) (A u ► {K_ 2 \ x \ (8 ®)) ] ® z) • 

Assume that x,y,z 6 U| v are G ev -homogeneous. By Lemma 16.101 

Fu®£„6[ur®ur]« A -.* Aii84; , u . 

Hence from Lemma I7.16l al , /,y(y <8 x (8 2 ) € [(Ug v )® 3 ] 9 , where 

g = y <8 A"| x |el^AA u 5' _1 (eA u i) <8z = ;y<8i;<8z, 
where the last equality follows from a simple calculation. Thus, 

(170) /f (y <8 a: <8 z) € [(U| v )® 3 ]^ i0i 

(A) From (11701) . /',y preserves the G ev -grading. 

(B) Assume that x,y,z € li. Since A' Q € 7Y, A u <8 A u e 77 <8 77, Lemma [7.161( b) shows that the 
right hand side of (11691) is in W® 3 . 

(C) By (11421) . A u <8 E u € o(u)X^ 8) U^. Lemma [7.161 and (11691) show that 

/#((X| V )® 3 ) C o(u)(X z )® 3 . 

On the other hand, (11701) shows that 

/#((XIT 3 ) c ((U %)* 3 ® A A). 

Because 

o(u)(X z )® 3 n ((U| v )® 3 (8 a A) = o(u)(X| v )® 3 

by «, we have /#((X| V )® 3 ) C o(u)(X| v )® 3 . □ 


7.11.6. T/ie maps / ad and / ad . 

Lemma 7.19. For f = or f = one has f(JC 3 {U)) C A\ m axm/ 2 J (/C 4 (W)). 
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Proof. Assume x®y®z G 1C 3 (14) = (X| v ) 03 n [(U| v ) l8 ' 3 ] 1 flW® 3 . First assume / = . Recall that 


fm( x i ® x 2 ® x 3 ) = ["^(id 02 <8>ad <g> id) (xiS(Si) <g> T^m)^ ® r 2 (m)<52 &> x 2 J 2 ® x 3 ) 


V ~ 2 

^13 


= (®i ® ri(m) ® 1 ® x 3 ) |^y~^(id 02 <g>ad) (S(<5i) <g> <5^ <g> r 2 (m )(!>2 <8> a: 2 <5 2 ) <8> 1 


2 ? 


-2 

13 ' 


We have 

(id <g> id <g>ad) (X 5(<5i) <8i (5^ ® z<J 2 ® yS^ 


It follows that 


^5(di)®<5i®(x(5')>( 2 /(5 2 ) 

]T 5(5r) ® 5; ® x {1) (6' 2 ) {1) y8 2 S((5' 2 ) {2) )S(x {2] ) 
^ 5((5i) ® K_ 2 \ y \ ® X(i)yS 2 S(x(2)) 

^2 K'2 \ x ( 2) |S(<5i) <g) K_ 2 \ y \ ® X (1 )yS(x(2))8 2 
[Y1 K 2 \x { 2 )\ ® K - 2 |y| ® ®(1)J/5(X( 2) ) 

[(* ► y)l3(l « ^-2|y| ® !)] V 13' 


V 


13 


( 171 ) fm ( x i ® x 2® x-i) = [(^1 ® ri(m) <g) 1) (r 2 (m) ► X 2 ) 13 (1 ® K_ 2 \ X2 \ ® l)] ® x 3 . 

Since ri(m) ® r 2 (m) € [(U| v )® 2 ]i, Lemma I7.16l a) shows that 

f£(x 1 ®x 2 ®x 3 )e[(XJ%)®%, 

where g = xiFi(m)r 2 (m)x 2 i :3 = x\x 2 x 3 = 1. Thus, the right hand side of (I171D is in [(U| v ) 04 ]i. 
Since x <g> y <g> z G U® 3 , Lemma (17.1611 (b) shows that the right hand side of (I171D is in U® A . 
Since ri(m) <g> r 2 (m) G o(m)X| v ® U| v by fl!55jl . Lemma (17.16[1 fc) shows that 

fm( x l ® x 2 ® x 3) € o(m)(X| V ) 04 . 


Hence 

fm( x i ® x 2 ® x 3 ) € o(m)(Xg v ) 04 n [(U| v )® 4 ]i n U® A = ^ Lmaxm/2 j (/C 4 (W)), 

which proves the statement for / = /“*. 

The proof for / = is similar: Using the definition and Formula (1421) for ad r . one gets 
(172) f^(x 1 <g> x 2 <g> x 3 ) = (Vi(m) <g> x\ < 8 > x 2 <g> l) (if 2 | X3 | +2 ,\ m ® (S <8> id)(S ,_1 (r 2 (m) ► a; 3 ))) . 
By Lemma l7.16f a). the right hand side of (|172j) is in (U | v )® 4 having G-grading equal to 

fi(m) iix 2 x 3 r 2 (m) = fi(m)f 2 (m) = 1. 

Again, Lemma (j7.16[l (b) shows that the right hand side of (1172(1 is in G 04 , and Lemma (17.1611 (c) 
shows that it is in o(m)(X| v ) 04 . Hence f^(x 1 ® x 2 ® x 3 ) € max m /21 ^-4(^0- □ 
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7.11.7. The maps and /A 

Lemma 7.20. Both f^ and f^ are (JC n (U))-admissible. 

Proof. By definition 

/ M (xi 8 x 2 8 x 3 8 x 4 ) = (id 02 <g>n)(^2 xiSiS(S' 1 ) 8 x 2 8 x 3 5 2 <8 x 4 5 2 ) 

= (x\ <8 x 2 <8 1) |^(id 02 8 /tr)(^ 5 i5(5 4 ) 8 1 8 x 3 5 2 8 x 4 5 2 ) • 

We have 

(id 8 /x)(^ 5 1 5(5' 1 ) 8 x5 2 8 2/5 2 ) = ^ 515 ( 54 ) 8 x5 2 y5 2 

= 5i5(5'i)A' 2 | 2/ | 8 xy5'5 2 

= -A^i 8 xy. 

It follows that has a very simple expression 

/ M (xi 8 x 2 8 x 3 8 x 4 ) = (xi 8 x 2 8 1)(# 2 | X4 | 8 18 x 3 x 4 ) 

= xi# 2 | ;C4 | 8 x 2 8 x 3 x 4 . 

The trivial decomposition for is admissible. Hence, is (/C n (£7))-admissible. 

Similarly, a simple computation shows that 

/ M (xi 8 x 2 8 x 3 8 x 4 ) = xi 8 x 2 # 2 | X4 | 8 x 3 x 4 . 

The trivial decomposition for is admissible. Hence, is (/C n (£7))-admissible. □ 

7.11.8. Proof of Lemma [7.14\ 

Proof. First suppose max(m) > max(n). By 1)15711 

bn,m = r o f£ O fS of A^ n) 0 r 2 (n)) , 

By (11541) . ri(n) 8 T 2 (n) €/C 2 . Lemmas 17.17117T8117.191 and 17.201 show that b n m € o(m)/C 3 . 
Suppose max(n) > max(m). Using (1162jl instead of (11571) . we have b n m € o(n)/C 3 . 

Hence b n m £ o(n, m)/C 3 . As a consequence, b = b n , m € /C 3 . □ 

7.12. Proof of Proposition [7T2l As noted, statement (i) follows trivially from the definition of 
K,(U). Statement (ii) follows from Lemmas 17.9117.10117.12117.131 Finally, statement (iii) is Lemma 

EH * □ 

7.13. Integrality of the quantum link invariant. In (Le2j . the second author proved that, 
for a framed link L = L\ U • • • U L n in 5 3 , the quantum g link invariant Jl(Va 1: • • ■, Ux n )> up to 
multiplication by a fractional power of q, is contained in Z[y, g -1 ]. Here we sketch an alternative 
proof using Theorem 17.31 of the following special case for algebraically split framed links. 
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Theorem 7.21 ( |Le2| ). Let L = L\ U • • • U L n be an algebraically split 0-framed link in S 3 . Let 
Xi,... ,X n € X + be dominant integral weights. Then we have 

J L (V Xl ,...,V Xn )€q p Z[q,q- 1 }. 

where p = (2p, Ai + ■ ■ ■ + A n ). 


It is much easier to prove 

(173) J L (V Xl ,...,V Xn )€q p Z[v,v- 1 }, 

and the difficult part of the proof is to show that the normalized invariant q~ p Ji,(V Xl ,..., V Xn ) € 
Z\v,v~ 1 } is contained in Z[q, g -1 ]. In |Le2j . a result of Andersen [ Anj on quantum groups at roots 
of unity is involved in the proof. The main idea of the proof below is implicitly the use of the 
G-grading of the quantum group U g as C(g)-module described in Section [ 6 l 


Sketch proof of Theorem 7 .21. Let T be an algebraically split 0-framed bottom tangle such that 


the closure link of T is L. Recall that the quantum invariant Jl(V X i , ■ ■ ■, V Xn ) can be defined by 
using quantum traces 


(174) 


J L (V Xl ,...,V Xn ) = (tr. 


V* 


V\ 

®tr q Xr 




It is not difficult to prove that for 1 < i < n, A € X + , we have 

(175) (id ®*” 1 ®tr^ 8 id® ra -*)(£ n ) c qCpXjc^. 

Using (11751) . one can prove that 

(176) (tr ^ 1 <8 ... <8 tr^ A ")(A n ) C q p IC 0 = q pr L[q\. 

Hence, using (11741) . (I176j) and Theorem 17.3( a). we have 

Jl(V X i ,. ..,V Xn )e (tr ^ 1 (g ... (g tr?")(K n ) C q p Z\g\, 
which, combined with ((1731) . yields Jl(V Xi ,..., V Xn ) G q p Tj[q, q _1 ] since we have Z[v, u- 1 ] D Z[q\ = 

zb,? -1 ]- □ 
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8 . Recovering the Witten-Reshetikhin-Turaev invariant 

In Section [7] we showed that Jm € Z[q\, where Jm is the invariant (associated to a simple Lie 
algebra g) of an integral homology 3-sphere M. Hence we can evaluate Jm at any root of unity. 
Here we show that by evaluating of Jm at a root of unity we recover the Witten-Reshetikhin-Turaev 
invariant. We also prove Theorem 11.11 and Proposition 11.61 of Introduction. 

8.1. Introduction. Recall that g is a simple Lie algebra and Z is the set of all roots of unity. 
Suppose ( £ Z and M is closed oriented 3-manifold. Traditionally the Witten-Reshetikhin-Turaev 
(WRT) invariant (cf. [RT2 , BKJ ) T® f (£; Q £ C is defined when ( is a root of unity of order 2 Ddk 
with k > /i v , where hfi is the dual Coxeter number, d £ {1,2,3} is defined as in Section [3.11 and 
D = |AT/F|. Here £ = Cfi D . In this case, k — hfi is called the level of the theory. The definition of 
rj^(£; C) can be extended to a bigger set Z' which is more than all roots of unity of order divisible 
by 2 dD, see subsection 18.41 For values of d, D, hX of simple Lie algebras, see Table [Din Section IXTI 

This section is devoted to the proofs of the following theorem and its generalizations. 

Theorem 8 . 1 . Suppose M is an integral homology 3-sphere and ( £ Z' g . Then 

t m (£; 0 = J M\ q=c 

Remark 8.2. (a) Although £ is determined by £, we use the notation tm(& C) since in many cases, 
t m(£; 0 depends only on £, but not a 2D-th root ( of £. In that case, we write tm(£) instead of 
t m(£; 0- The set Z g in Section[T]is defined by Z g = {( 2D | C £ Z' g }. 

(b) The theorem implies that for an integral homology 3-sphere, rj^-(£; £) depends only on £, but 
not a 2Z)-th root £ of £. This does not hold true for general 3-manifolds. 

In subsections 18.31 and 18.41 we recall the definition of the WRT invariant and define the set Z'. 
Subsection 18.61 contains the proof of a stronger version of Theorem 18.11 based on results proved 
in later subsections. To prove the main results we introduce an integral form U of U 9 which is 
sandwiched between Lusztig’s integral form Ug and De Concini-Procesi’s integral form V^. For 
0 = s? 2 , the algebra U was considered by the first author [Hahl lHa7l . A large part of the proof 
is devoted to the determination of the center of a certain completion of U. For this part we use, 
among other things, integral bases of Uj,-modules, the quantum Harish-Chandra isomorphism, and 
Chevalley’s theorem in invariant theory. In Section 18.131 we give a geometric interpretation of 
Drinfel’d’s construction of central elements. 

8.2. Finite-rank U/j-modules. Suppose V is a topologically free LR-module. For p £ X the 
weight p subspace of V is defined by 

V[ M ] = {e € V | H a (e) = (a, p)e Va € n}, 

and p £ X is called a weight of V if Lu / 0. We call V a highest weight module if V is generated 
by a non-zero element 1^ £ for some p £ X such that E a 1^ = 0 for a £ n. Then 1^ is called 
a highest weight vector of V, and p the highest weight. 

By a finite-rank XJ^-module, we mean a U^-module which is (topologically) free of finite rank 
as a C[[/t]]-module. The theory of finite-rank U^-modules is well-known and is parallel to that of 
finite-dimensional g-modules, see e.g. |CPll.TallLul| : Every finite-rank U^-module is the direct sum 
of irreducible finite-rank LR-modules. For every dominant integral weight A £ X + := {X^aen I 














UNIFIED QUANTUM INVARIANTS 


91 


k a € N}, there exists a unique finite-rank irreducible U/, -module with highest weight A, and every 
finite-rank irreducible U/,-module is one of V\. The Grothendieck ring of finite-rank LR-modules 
is naturally isomorphic to that of finite-dimensional g-modules. 

8.3. Link invariants and symmetries at roots of unity. 


8.3.1. Invariants of colored links. Suppose L is the closure link of a framed bottom tangle T, with 
m components. Let Vi,, V m be finite-rank U/j-modules. Recall that the quantum link invariant 
[RTlj can be defined by 

Jl(V u ...,V m ) = (tr^ 1 ® • • • ® tr^)(J T ) € C[[h)}. 

Actually, J^(V..., V m ) belongs to a subring r L[v ±l / D ] of C[[/i]], where D = \X/Y\, see |Le2l| . (D 
is also equal to the determinant of the Cartan matrix.) We say that Vj is the color of the j-th 
component, and consider Jl(Vi, • • •, V m ) as an invariant of colored links, which is a generalization 
of the famous Jones polynomial [Jo]. 


Let U be the trivial knot with 0 framing. For a finite-rank U/j-modules V, dim g (R) := Jjj(V ) is 
called as the quantum dimension of V. It is known that for A € X + , 

(177) dimq(U) = ^ R ~ ‘ 


E™e2n sgn (w)v-Mp)’ w (p)) 


q 


(P,“) — 1 


ag $ + 

Here 211 is the Weyl group and sgn(tc) is the sign of w as a linear transformation. 


One has max Q , g <j> + (p, a) = d(/i v — 1), where h v is the dual Coxeter number of g. Hence, if £ is 
root of unity with 

(178) ord(£) > d(h w — 1), 

then the denominator of the right hand side of (11771) is not 0 under the evaluation q = £. For this 
reason we often make the assumption (|178l) . 


8.3.2. Evaluation at a root of unity. Throughout we fix a root of unity C € C. Let £ = ( 2D and 
r = ord(C 2Z) ). 

For / € C[u ±1//D ] let ev v i/D =( *(f) be the value of / at v x ! D = (. Note that if v 1 / 20 = £, then 
q = f. If / € C[g ±1 ], then ev v i/ D= ^ (/) is the value of / at q = £. 

Suppose f,g € C[v ±1/D ]. If ev„i/ D=c (/) = ev v i /D=c ( g ), then we say f = g at £ and write 


We say that g S X is a (-period if for every link L, ev v i /d = ^{Jl) does not change when the color 
of a component changes from V\ to V\ +fl for arbitrary A € X + such that A + g G X + (the colors of 
other components remain unchanged). 

The set of all ([-periods is a subgroup of X. It turns out that if ord(£) > d(h v — 1), then the 
group of ([-periods has finite index in X: in |Le2] it was proved that the group of ([-periods contains 
2ry, which, in turn, contains (2 rD)X (because DX C Y). 

When ord(£) < d(h w — 1), the behavior of ev„i /d = ^{Jl) is quite different. For example, when 
([ = 1, from (|177l) and the Weyl dimension formula, one can see that dim f/ (V[\) is the dimension of 
the classical g-module of highest weight A. When ([ = 1, the action of the ribbon element on any 
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V\ is the identity, and the braiding action is trivial on any pair of U^-modules. Hence, we have 
the following. 

Proposition 8.3. For any framed oriented link L with m ordered components and fi \,..., pL m € X + , 

m 

ev v i /d = 1 (Jl(V M i , ..., V^J) = Yl dim (V H ). 

3 =1 

Here dim(V^ j .) is the dimension of the irreducible g -module with highest weight p,j. 

8.4. The WRT invariant of 3-manifolds. Here we recall the definition of the WRT invariant. 


8.4.1. 3 -manifolds and Kirby moves. Suppose L is a framed link in the standard 3-sphere S' 3 . 
Surgery along L yields an oriented 3-manifold M = M(L). Surgeries along two framed links L 
and L' give the same 3-manifold if and only L and L' are related by a finite sequence of Kirby 
moves: handle slide move and stabilization move, see e.g. |Ki [ IKM] . If one can find an invariant 
of unoriented framed links which is invariant under the two Kirby moves, then the link invariant 
descends to an invariant of 3-manifolds. 


8.4.2. Kirby color. Let B := A C = C[u ±:L ]. We call any H-linear combination of V\, A € X + , a 

color. By linear extension we can define Jl(V i, • ■ ■, V m ) € C^ 1 /^] when each V) is a color. 

A color 17 is called a handle-slide color at level v l ^ D = f if 


(i) ev^i /d . (<7^(17, ..., 17)) is an invariant of non-oriented links, and 

(ii) ev v i/D = £ (Jl( 17,..., 17)) is invariant under the handle slide move. 

Let U± be the unknot with framing ±1. A handle-slide color is called a Kirby color (at level 
= (f) if it satisfies the non-degeneracy condition 


(179) 


(0 

j u± m / °- 


Suppose 17 is a Kirby color at level v x ! D = £, and M = M(L) is the 3-manifold obtained by surgery 
on S' 3 along a framed link L. Then 


(180) 


tm (17) := ev c 


( M 17,...,17) A 

\(j u± ( i7))- + 


is invariant under both Kirby moves, and hence defines an invariant of M. Here a+ (resp. c_) is 
the number of positive (resp. negative) eigenvalues of the linking matrix of L. 


8.4.3. Strong Kirby color. All the known Kirby colors satisfy a stronger condition on the invariance 
under the handle slide move as described below. 

A root color is any H-linear combinations of V\ with A € Y nl+. A handle-slide color 17 at level 
= £ is a strong handle-slide color if it satisfies the following: Suppose the first component of 
L\ is colored by 17 and other components are colored by arbitrary root colors Vi,...,V m . Then 
a handle slide of any other component over the first component does not change the value of the 
quantum link invariant, evaluated at v l ^ D = £, i.e. if L 2 is the resulting link after the handle slide, 
then 


(181) 


J Ll («, Vi,.. ■, V m ) = J L2 (17, Hi, ..., V m ). 
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A non-degenerate strong handle-slide color is called a strong Kirby color. 

8.4.4. Strong Kirby color exists. Let P^ be the following half-open parallelepiped, which is a domain 
of translations of X by elements of the lattice (2 rD)X, 

P^ := / A = ki&i € X + | 0 < ki < 2 rD 
l i=1 
Let 



fi B (C) := E dim q (Vx)Vx, H P0 (£) = £ dimq(Vx) La- 

A eP c AeP c nv 

In |Le4] . it was proved that both fi 0 (£) and H P0 (£) are handle-slide colors at level v 1 ^ = £ if 
ord(£ 2P ) > d(h v — 1 ). Actually, the proof there shows that H s (£) and O P0 (£) are strong handle-slide 
colors at level v x ^ D = £. Hence, assuming ord(£ 2D ) > d{hfi — 1), fi 0 (£) (resp. H P0 (£)) is a strong 
Kirby color at v 1 /- D = £ if and only H 0 (£) (resp. H P0 (£)) is non-degenerate at v 1 ^ p = £. There 
are many cases of v l ^ D = £ when both ord(£ 2p> ) and H 0 (£) are strong Kirby colors, and there are 
many cases when one of them is not. Let Z' g (resp. Z' Pg ) be the set of all roots of unity £ such that 
H 0 (£) (resp. H P0 (£)) is a strong Kirby color. 

For £ € Z g the 0 WRT invariant of an oriented closed 3-manifold M is defined by 

= t m (H 0 (£)). 

Similarly, for £ € Zp g the Pg WRT invariant of an oriented closed 3-manifold M is defined by 

4?K; C) = ™(S1 p »(0). 

Proposition 8.4. Suppose £ is a root of unity with ord(£ 2D ) > d(h w — 1). Then £ € Z' g U Z' Pg . 
More specifically, if ord(£ 2P ) is odd then £ G Z' Pg and if ord(£ 2D ) is even then ££ZJ. 

We will give a proof of the proposition in Appendix lC.31 Actually, in Appendix we will describe 
precisely the sets Z' g and Z' Pg (for ord(£ 2D ) > d{hfi — 1)). 

The proposition shows that Z' g \JZ' Pg is all Z except for a finite number of elements. This means, 
r 0 f (£; £) or t^ 0 (£; £) can always be defined except for a finite number of £. 

Remark 8.5. (1) If ord(£) is divisible by 2 dD, the proposition had been well-known, since in 
this case a modular category, and hence a Topological Quantum Field Theory (TQFT), can be 
constructed, see e.g. m- The rigorous construction of the WRT invariant and the corresponding 
TQFT was first given by Reshetikhin and Turaev |RT2| for g = sfa- The construction of TQFT for 
higher rank Lie algebras (see e.g. pBKl iTurj l uses Andersen’s theory of tilting modules [AP I. In 
[LEU, the WRT invariant was constructed without TQFT (and no tilting modules theory). Here 
we are interested only in the invariants of 3-manifolds, but not the stronger structure - TQFT. We 
don’t know if a modular category - the basis ground of a TQFT - can be constructed for every 
root £ of unity with ord(£ 2D ) > d(hfi — 1). At least for g = sl n , if the order of £ is 2 (mod 4) and 
n is even, then according to [Brj, the corresponding pre-modular category is not modularizable. 

(2) In general, different strong Kirby colors give different 3-manifold invariants. The invariant 
corresponding to H P0 , called the projective version of the WRT invariant, was first defined in [KMj 
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for g = SI 2 , then in m for sl n , and then in [ |Le4j for general Lie algebras. When both fl 0 (£) and 
fl P0 (£) are non-degenerate, the relation between the two invariants tm(D. s ) and tm(D, P b ) is simple 
if ord(C 2 ' D ) is co-prime with dD, but in general the relation is more complicated, see m- 

(3) It is clear that in the definition of fi 0 (£) and fI P 0 (C)) instead of Pq one can take any funda¬ 
mental domain of any group of ^-periods which has hnite index in Y. 

8.4.5. Dependence on £ = (, 2D . When components of a framed link L are colored by H P0 (£), Jl 
takes values in Cf^ 1 ] C C[<r tl//2 ' D ], see [Le4j . Hence, the Pg, WRT invariant r ^ 0 (£;£), if defined, 
depend only on £ = £ 2Z) , but not on any choice of a 2 Z?-th root £ of £. 

The g WRT invariant r 0 f (£; £) does depend on a choice of a 2D-t\\ root £ of £, even in the 
case g = SI 2 ■ We will see that when M is an integral homology 3-sphere, the g WRT invariant 
of M depends only on £ = £ 2jD , but not on any choice of a 2Z)-th root £ of £. However, there 

are cases when £ 2D = £ = (£ / ) 2D , but £ € Z' s and £' ^ Z' 0 . For example, suppose g = si 2 and 

£ = ex.p(2pi/(2k + 1)), a root of unity of odd order. Then £ = exp(2pi/(8k + 4)) and £' = i£ are 
both 4-th roots of £ (in this case 2D = 4). But £ € Z' Q and £ 7 0 Z'^. 

8.4.6. Trivial color at £ = 1 and the case when ord(£) < d(/i v — 1). 

Proposition 8.6. Let = C[[/i]] be the trivial U ^-module. Then Tl is a strong Kirby color at level 
£ = 1 and tm(D) = 1. 

This follows immediately from Proposition 18.31 and the defining formula (11801) of tm{TL). 

It is not true that the trivial color is a strong Kirby color for all £ with ord(£ 2 ' D ) < d(/i v — 1). 
For example, if g = sIq and ord(£ 2D ) = 4, then the trivial color is not a strong Kirby color. One 
can prove that if n = 0, ±1 (mod r), then the trivial color is a strong Kirby color for sl n at level £ 
with r = ord(£ 2D ). 

Remark 8.7. If ord(£) = 2dDk, then the level of the corresponding TQFT is k — h v . Hence, if 
the level is non-negative as assumed by physics, we automatically have ord(£ 2D ) > d(h w — 1 ). 

8.5. Stronger version of Theorem 18.11 Proposition 18.41 shows that strong Kirby colors exist at 
every level £, if the order of £ is big enough. Although different Kirby colors at level £ might define 
different 3-manifold invariants, we have the following result for integral homology 3-spheres , which 
is more general than Theorem 18. II 

Theorem 8.8. Suppose H is a strong Kirby color at level v 1 / i) = £ and M is an integral homology 
3-sphere. Then 

t m {P) = ev v i /d =c (Jm) = ev q =z( J M)- 

Remark 8.9. There is no restriction on the order of £ on the right hand side of 18.81 We do not 
know how to directly define the WRT invariant with ord(£ 2D ) < d(h v — 1). 

The remaining part of this section is devoted to a proof of this theorem. Throughout we fix a 
root of unity £ and a strong Kirby color H at level £. Let £ = ( 2D and r = ord(£). 

8 . 6 . Reduction of Theorem 18.81 to Proposition 18.101 Here we reduce Theorem 18.81 to Propo¬ 
sition 18.101 which will be proved later. 




















UNIFIED QUANTUM INVARIANTS 


95 


8.6.1. Twisted colors Ll±. Suppose the j-th component of a link L is colored by V = V x , and L' is 
obtained from L by increasing the framing of the j-th component by 1, then it is known that 


(182) 


J L/ (...,V,...)=f x J L (...,V,...), where f x = g (A ’ A+2 ^ )/2 


trg( r *) 
dim g V 


For example, if U± is the unknot with framing ±1, then 

Ju ± (V x ) = ff dim q (V x ) = J V (ff V x ) . 

By definition fl is a finite sum fl = X) C \V\-, where c x G B = Cf^ 1 ]. Define the pair Lt± by 


n _ ev ^/ D =C ( Ca ^A ) T /- 

± ^ e^ /D= ,{J u± m 

which are C-linear combinations of finite-rank irreducible U^-modules. 


Suppose a distinguished component of L has framing e = ±1 and color Ll, and L' is the same 
link with the distinguished component having framing 0 and color Ll e . Then from (J182D and the 
definition of Ll E one has 

(183) ^ j Ue (n)j L ,(...,n £ ,...). 


8.6.2. Reduction of Theorem \8.8\ Here we reduce Theorem 18.81 to the following. 

Proposition 8.10. Let LI be a strong Kirby color. Suppose T is an algebraically split 0-framed 
bottom tangle T with rn ordered components and (ei,. .. ,e m ) € {±l} m . Then 

(trg £1 <g>---<g)trg s -) (Jt) = (T £l <g> • • • <g> T £m ) (Jr). 

Proof of Theorem \8.8\ assuming Proposition \8.1(A Suppose T is an m-cornponent bottom tangle, 
£i,... ,e m G {±1}, and M = M(T,e i,... ,s m ). This means, if L is the closure link of T and L' 
is the same L with framing of the i-th component switched to e,, then M is obtained from S 3 by 
surgery along L'. Every integral homology 3-sphere can be obtained in this way. By construction, 

Jm = (T ei <8>■■■<£> T £rn ) (Jt)- 


From (|183D and the definition (I180D of tm(LI), we have 

t m (LI) = ev f ( (ivq Sl <g> • ■ ■ <g> ( J T )) • 

By Proposition 18.101 we have tm(LL) = ev„i /d = AJm)- This proves Theorem 18.81 □ 

The rest of this section is devoted to a proof of Proposition 18.101 

8.7. Integral form U of XJ q . Besides the integral form Ug (of Lusztig) and Vg (of De Concini- 
Procesi), we need another integral form U of U g , with C U C Ug. Let 

U U£V Z = u z v|v+ = u"’-vjv+ 

and 

-Hn= U z “V z ’°Vj. 
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Theorem 8.11. (a) The A-module U is an A-Hopf-subalgebra o/Ug. 

(b) Each of U and U cv is stable under ib ar and r. 

(c) There are even triangular decompositions 

U e z v ’- <S> Vg <8> Vj -A- U, x <8> y <8> z >-)■ xyz 
U™’~ <8> V^’° (g> Vj — U ev , x ® y (g z >-)■ xyz. 


(d) For any longest reduced sequence, the sets 

[T m K m K~;E n | n, m G N*, 7 € Y} 

{F m K m K 2 l E n | n, m G N*,7 € T} 
are respectively A-bases ofU and U ev . 

(e) The Hopf alqebra U satisfies the assumptions of Theorem 7. 31 i.e. Kjf 1 G U for a g n, 
F n ®E n ,Ff l ®E , n £U®U for n G N*. 

(f) One has T±(U cv ) C A = Z[w, v -1 ]. 

(g) For any n > 0, one has (U| v )® n nZL® n = (U ev )® n . 


Proof, (a) We have the following statement whose easy proof is dropped. 

Claim. If are .4,-Hopf-subalgebras of a Hopf algebra Jff such that C then 

is an .4,-Hopf-subalgebra of Jff. 

We will apply the claim to and = V z . By checking the explicit formulas 

of the co-products and the antipodes of F^, K a , a G n, n G N, which generates the ^.-algebra 
= TJ Z ~V Z , we see that is an „4,-Hopf-subalgebra of U z . Since \ is also an „4-Hopf- 
subalgebra of Uz, it remains to show YYi-YFi C YYi- 

Given x,y in any Hopf algebra,we have xy = ^ y(2)(5' _1 (y(i)) >x). Hence, since YP\ is a Hopf 
algebra, and > V| v C V| v (Theorem 15. 18)) . 

(184) V| v C JTi (M l > V| v ) C JYf V| v . 


Because V z = V| V V° and V£ = U"V° = we have 

pY/7 pY/P \T 'Y/3 rev-\ 7-0 '}S/P A 7-eV ^-ireV 

■7C2,7C\ = = v z = \n <Z JC\Mn C 

where we used (11841) . By the above claim, YY\YY 2 is an ,4-Hopf-subalgebra of U z . 

(b) Let / = tbar or / = r. By Propositions 15.21 and 15.131 /(U^) = C U^Vz = L/ and 
/(Vz) = v z C U^V Z = W. Hence /(W) = /(UjV z ) C U. 

By Proposition 13.41 /(U® v ) C U® v . Hence 

f(u cv ) = f(u n u^ v ) c f{u) n /(u° v ) c w n uf = zl cv . 

(c) The even triangular decompositions of Uz (see Section 15.21) imply the even triangular de¬ 
compositions of U. 

(d) Since F m ~ pd m) and E n (q;q) n E ( ' n \ where a ~ b means a = ub with u a unit in A, 
Propositions 15.31 and 15.51 show that { F m K m } and {Lin} are respectively *4-bases of U z ' and Vj. 
It is clear that { K 7 | 7 G Y} and {^27 | 7 € V} are respectively .4-bases of and V^ v ’°. 
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Combining these bases using the even triangular decompositions, we get the desired bases of U and 
U cv . 

(e) Since K^ 1 , F n , E m are among the basis elements described in (d), we have K El G U and 
F n <8 E n G 7/ ®U. Since U is stable under ar and F „ = iba V (F n ), E' m = Lba.r(E m ), we also have 
F^®E' n eU®U. 

(f) Applying 7+ to a basis element of U cv in (d), using (|98l) and (j99lh 

(185) T+(F m K m K 2l E n ) = 5 n , m q^ E ^q^~^ /2 G Z^ 1 ] C A. 

It follows that T+(U ev ) C A. 

Let us now show 71(Z7 ev ) C A. By [Jaj Section 6.20], for any x, y G U q , one has 

(<■uS(x),uS{y)) = (y,x). 

Because a;S'(r" 1 ) = r _1 , and by ff96l) . (xjr” 1 ) = (r _1 ,x) = 71 (x), we have 

71(x) =71(wS(x)), 

which is the same as 71 (x) = 71 ((wS) 1 (x)) . Hence, 

T-(u ev ) = 71 ((ws)- 1 ^)) = r+(cp ° (ws)- 1 ^)) b y hidod 

= 7+(ibar'7"(^ ev )) because ip = LbarTuS by Proposition 13.21 
C T+{U ev ) C A, 

where we have used part (b) which says ibarT(7/ ev ) C 7/ ev . 

(g) It is clear that (7/ ev ) lg)n c (U!| v )® n fl U® n . Let us prove the converse inclusion. 

The .4-basis of U described in (d) is also a C(u)-basis of U 9 . This basis generates in a natural 
way an .4-basis (e(i) | i G 7} of U® n , which is also a C(u)-basis of U® n . There is a subset I ev C 7 
such that (e(i) | i G 7 ev } is an .4-basis of (7f cv )® n and at the same time a C(u)-basis of (U® v )® n . 
Using these bases, one can easily show that (7/ cv )® n = (U® v )® n n U® n . Hence, 

(u| v )® n n u® n c (u® v )® n n u® n = (u ev )® n , 

which is the converse inclusion. The proof is complete. □ 

Theorems 18.1 li d) and 17.31 give the following. 

Corollary 8.12. If T is an n-component bottom tangle with 0 linking matrix, then Jt G lC n (U). 
Remark 8.13. (a) For the case Q = sl 2 , the algebra U was considered by the first author jHa5llHa7] , 
(b) The algebra U is not balanced between E a and F a , and p(U) A 7L 

8.8. Complexification of K, rn (Z7). To accommodate the complex coefficients appearing in the 
definition of we often extend the ground ring from A = to B = C[u ±:l ]. Let 

C[u] := ]^mC[v ±1 ]/(q-q) k = |im C[p]/(g; q) k . 

k k 


By dH5| ), 


F k (ic m (u)) = (q-,qHx c Ar m n[\j® m ] 1 nu® m 

C (q;q) k (X. e A)® m n(U ev )® m by Theorem EHfe) . 












98 


KAZUO HABIRO AND THANG T. Q. LE 


Let 

Wm) ■■= ((?; n (^ e T m ) ® A B c h k (x h f m n h k uf m . 

Define the completion 


(186) 

Then £ m (W) C 


K! m = \ X = Y, x k | X k G -F fc (/C(J l C (X fe f m n (U fc ) 




fc =0 


and /Cq = Cfu]. We will work with JC' n instead of K n (U). 


8.9. Integral basis of V\. For A G X + recall that V\ is the finite-rank U^-module of highest 
weight A. Let 1 a G V\ be a highest weight element. It is known that the Uz-module Uz • 1 a is a 
free A- module of rank equal to the rank of V\ over C[[/i]]. Besides, there is an Al-basis of Uz • 1 a 
consisting of weight elements, see e.g. m ■ We call such a basis an integral basis of V\. For 
example, the canonical basis of Kashiwara and Lusztig [Kashi ILul ] is such an integral basis. An 
integral basis of V\ is also a topological basis of V\. 

Recall that Uz = U^Uz and U 9 = U°U q are respectively the simply-connected versions of 
Uz and U g , see Section [5781 For A G X + we have the quantum trace map tr^ A : U/j —> C[[/i]]. 
This maps extends to tr^ : U/J/i -1 ] —>■ C[[/i]][/i -1 ]. In particular, if x G U g , then one can define 
trJ'MiJeCWIA- 1 ]. 

Lemma 8.14. Suppose X is a dominant weight, A G X+. 

(a) If x G Uz then the trU'(x) G A. 

(b) If x G Uq then trU(x) G Q(u ±1//i:) ). 

(c) If x € Uz and A Gf then trU(x) G A. 

(d) If x G Xz then tr^ A (x) G A. 


Proof. Fix an integral basis of V\. Using the basis, each x G U^ acts on La by a matrix with entries 
in C[[h]], called the matrix of x. 

(a) If x G Uz then its matrix has entries in A. It follows that trU(x) = tr VA (xLf_ 2 P ) G A. 

(b) As a Q(u)-algebra, U 9 is generated by \J q and K a ,a G II. Since U g = Uz < 8 u C(u), the 
matrix of x G U 9 has entries in C(v). For an element e of weight p, we have K a {e) = v^ a, ^e. Note 
that (&, p) G j^Z. It follows that the matrix of K a (e) has entries in Q(rr l=1 /' D ). Hence the matrix 
of every x G U 9 has entries in C(u =tl /' D ), and trU(x) G C(u ±1 /' D ). 

(c) As Al-algebra, Uz is generated by Uz and f(K a -,n, k ) := K™ , n G Z, k G N, a G n. 

When AgF, all the weights of La are in Y. From the orthogonality between simple roots and 
fundamental weights we have (a, p) G d a Z for every a G n and yGF. Hence 


f(v( & ’ri;n,k)=v n (*'ri 


(g> 


(a,n)/d 0 


i Qa)k 


(,Qon Qat)h 


G A. 


Suppose e G La has weight p G Y. Then 

f{K a ;n, k)(e) = fiv^-n, k) e G Ae. 
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Thus, the matrix of f(K a ;n,k ) on V\ has entries in A. We conclude that the matrix of every 
x € Uz has entries in A, and tr^ A (x) € A. 

(d) Because X% C Uz <8 >a A, by part (a) we have tr^ A (x) € A. □ 

8.10. Quantum traces associated to Q±. Define 

f± : U/j -A C[[h}\ by 7±(x) = trj±(x). 

Note that T±. being quantum traces, are ad-invariant. Since fl-t are C-linear combination of V\, 
Lemma f8. 141 shows that T± restricts to a B-linear map from Uz < 8 >.a B to B = C[u ±:L ]. 

Recall that ( JC' n ) mv denotes the set of elements in Kf n which are Uz-ad-invariants. 

Proposition 8.15. Suppose f is one of 7±,7±. Then f is (IC m ) mv -admissible in the sense that 
for rn > j > 1, 

. . / / — \ inv\ / ~ \ inv 

(id ® J_1 ®f® ^ (r'mj Jc(C-i) ■ 

Proof. Recall that 7±,7± are ad-invariant. By Proposition 12.4f df it is enough to prove 

(id ®^ 1 ® / ® id®—^) (C) C C_ 1; 
which, in turn, will follow from 

(187) (id®^ 1 ®/® id®—*) (Jifc(C)) C 
Let us prove (11871) for / = 7±. By Proposition 15.241 

(id®^ 1 ®r ± ®id® TO -J)((g;g) fc (XF)® m ) C (g;g) fc (X 
By Proposition 18. llf f). 

(id ®*" 1 ® T± ® id®—* ) C (W ev )® ra - 1 . 

Because M^'m) = ((?! g)fc(X| v )® m n (U ev )® m ) ® A B, we have 

(id ®*’ 1 ® T± ® id®—J) F k {K' m ) C . 

Let us now prove (j!87j) for / = 7±- Because is a C-linear combination of V\, by Lemma 
Eg d), r±(X| v ) C A®A B. Hence, 

(188) (id®*” 1 ®^®*!®—*) ((q-q) k (Xf)® m ) C (g; g) fc ((X ^)®™' 1 ®^ B) . 

From Lemma l8.14f a). T±{U) C £>, and hence 

(id®*- 1 ®^®^—*) (( u ev )® m ) C (ZL ev )®— 1 ®yi R, 


which, together with (1188 j) . proves (1187j) . 


□ 
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8.11. Actions of Weyl group on U° and Chevalley theorem. The Weyl group acts on the 
Cartan part by algebra automorphisms given by w(H\) = H w (\y Then w(K a ) = K w ( a \, and 
2IJ restricts and extends to actions on the Cartan parts U^, V^, and X°. 

We say an element x £ is 2U -invariant if w(x) = x for every w £ 211, and x is W-skew- 
invariant if w(x) = sgn (w)x for every w £ 2IJ. As usual, if 211 acts on V we denote by V w the 
subset of 211-invariant elements. 

By Chevalley’s theorem jChej . there are £ homogeneous polynomials ei,..., ee £ Z[ifi,..., H?] 
such that (C[Hi ,..., He]) w = C[ei,..., e^], the polynomial ring freely generated by £ elements 
ei,■ ■ ■, eg. 

Suppose the degree of a is ki. Since exp (hH a ) = K 2 , we have 

(189) et := exp (h ki e^ £ Z[Xf 2 ,..., Kff° C (V^’ 0 )®. 

Proposition 8.16. (a) One has 

(190) (U°r = C [ ei ,...,e,][[h]] 

(191) (X°) ro = C[h fcl//2 ei,..., h k */ 2 ec][[Vh}} 

(192) (V° h ) w = C[h^e 1 ,...,h^e £ }[[h]} 

(193) = C[ei ,...,e e \[[h]\. 

Here the overline in (HMD and, ((19311 denotes the topological closure in the h-adic topology of U/j. 
Proof. We have 

C U° h ) W = (CIH ,,... ,H,}[[h]]) W = (C [H lt .. • ,H e ]nh]} = C[ ei ,... ,e £ ][[h}], 

which proves (I190jl . Similarly, using 

(X° h ) w = (C [h^H ,,..., h l / 2 H e }[[h]}) w 
(V° h ) w = (C[hH ll ...,hH e }[[h}}) w 
we get (j 191 D and (|192D . We have 

^ - 1 = h ki ei + h(V° h ) w . 

It follows that 

C[ei,.. .,e e \[[h]\ = C[h kl ei,h kl e t \[[h}\, 

from which one has (11931) . □ 

8.12. The Harish-Chandra isomorphism, center of U^. Let 3(U/j) be the center of U^, 
which is known to be U“ v , the ad-invariant subset of UFor any subset V C denote 3(H) = 
V D 3 (U/J, the set of central elements in V. 

Let po : U/j —>• TjJ be the projection corresponding to the triangular decomposition. This means, 
if x = X-Xqx+, where x_ € Uj,a; + £ Uj and xq € U°, then po(x) = e(x-) e(x + ) xq. Here e is 
the co-unit. 

For p £ X, define the algebra homomorphism sh^ : —>• U° by sh M (iL Q ) = H a + (a,p). Then 

sh /y , (K a ) = K a . Since K a ), we have 

(194) s \{K a ) = {K_ 2 ^K a )K a . 
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Figure 14. The open Hopf link (left) and the Hopf link 

The Harish-Chandra map is the C[[/i]]-module homomorphism 

X = sh_ p op 0 : U h —)■ U° = C[H U ..., H t \[[h]]. 

The restriction of x to the K-degree 0 part of U. denoted x by abuse of notation, is a C[[/i]]-algebra 
homomorphism, called the Harish-Chandra homomorphism. 

One has the following description of the center (see e.g. (CP . IRosj ). 

Proposition 8.17. The restriction of x on the center 3(U/i) is an algebra isomorphism from 3(U/i) 
to (U°) OT = C [H 1 ,...,H e ] w [[h]]. 

Remark 8.18. Suppose Jif C XJh is any subring satisfying the triangular decomposition (like Uz 
or V/J. From definition 

(195) X(3(^)) C 

For Jrt? = U/j, we have equality in (|195D by Proposition 18.171 But in general, the left hand side is 
strictly smaller than the right hand side. For example, one can show that 

x(3(Uz)) + (U°z) w . 

Over the ground ring A, the determination of the image of the Harish-Chandra map is difficult. 
Later we will determine x(3(^)) for two cases, Jt? = V| v , which is defined over A, and Jf 7 = X^, 
which is defined over C[[\//i]]. In both cases, the duality with respect to the quantum Killing form 
will play an important role. 

8.13. From U^-modules to central elements. In the classical case, the center of the enveloping 
algebra of 0 is isomorphic to the ring of g-modules via the character map. We will recall (and 
modify) here the corresponding fact in the quantized case. 

For a dominant weight A € recall that V\ is the irreducible U /,-module of highest weight 
A. Since the map tr^ A : U/, —>• C[[/i]] is ad-invariant and the clasp element c is ad-invariant, by 
Proposition I2.4l d) the element 

:= (tr^ A <g)id) (c) 

is in (U/i) inv = 3(U/i)- This construction of central elements was sketched in [Dr], and studied in 
details in [JL3'. IBauj . Our approach gives a geometric meaning of z\ as it shows that = Jt, 
where T is the open Hopf link bottom tangle depicted in Figure [14l with the closed component 
colored by V\. Let us summarize some more or less well-known properties of z\. see [Baul [Cal] [JL3] . 

Proposition 8.19. Suppose A, A' € X + . 

(a) For every x € XJ q , 

(196) 


tr^ A (x) = (z x ,x). 
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(b) One has 
( 197 ) 


x( z \) = 

fi£X 


Sg 11 ^) 7 v_ 2 «;(A+p) 

E«,e2B s g n M K -2w(p) 


(c) If L is the Hopf link, see Figure \T7\ then 

( 198 ) Jl{V\,V\') = (z\,zy) = tr^ x (z\f), 

(d) One has z\ £ U® v , and if \&Y, then z\ £ U® v . 


Proof, (a) Recall that the quantum Killing form is the dual to c = c i ® C 2 , and x 
We have 


{z\,x) = (^tr^(ci)c 2 ,a:) 

= 5Z tr ^ A ( Cl ^ C2 ’^ =^2 tT q X (( C 2’ X ) C l) =tr^ A (x). 


X)(C 2 ,X)C!. 


(b) In |Jai Chapter 6], it is proved that if A € X + n \Y, then 

(199) x(z\) = dim ((^) M ) 77-2^, 

u&x 

where dim ((Va)m) is the rank of the weight [i submodule. Actually, the simple proof in fjal 
Chapter 6] works for all A G X + . The second equality of (11971) is the famous Weyl character 
formula, see e.g. [Humj . 

(c) Let T be the open Hopf link bottom tangle depicted in Figure HU with the closed component 
colored by V\. Then Jt = z\. We have 

Jl{V\,V\>) = tr \ X \J T ) = (zy,J T } = (z\>,z\) = (z\,z\>). 

(d) Joseph and Letzter [JL21 Section 6.10] (see [Baul Proposition 5] for another proof) showed 

that G Uq > K_ 2 \. Since K_ 2 \ € U® v , we have 2 a € > U® v C U® v , by Lemma [3761 If A € Y, 

then iC_ 2 a € U° v , hence 2 a G U® v again by Lemma 13.61 □ 


Note that the right hand side of ()197l) makes sense, and is in (U^)®, for any A G X not necessarily 
in X + n \Y. For any A £ X, define 2 a G 3(U<j) by 

z \ = X" 1 dim ( v \) [fj] 77_2p 

\M 6 A 

If A + p and A ' + p are in the same 211-orbit, then by (11971) . 2 a = zy. On the other hand, if A + p 
is fixed by a non-trivial element of the Weyl group, then 2 a = 0. 

When A is in the root lattice, A G Y, the right hand side of (|197D is in A[K^, ..., TQ^ 2 ]' 1 '. 
Actually, the theory of invariant polynomials says that the right hand side of (11971) . with A G Y, 
gives all A[K±f, ..., K±?] w , see e.g. [Macl Section 2.3]. Hence, we have the following statement. 

Proposition 8.20. The Harish-Chandra homomorphism maps the A-span of {z a ,a £ Y} isomor- 
phically onto A[K ^,..., TQ^ 2 ]- 1 . 
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8.14. Center of V^ v . 

Lemma 8.21. Suppose (3 £Y. Then zp E V| v . 
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Proof. By Proposition 15.151 V| v is the El-dual of U| v with respect to the quantum Killing form, 
i.e. 

V| v = {* E U° v | (x, y) € A Vy E U| v }. 

Since zp E UJ) V by Proposition 18.191 it is sufficient to show that for any y E U| v , { zp,y ) E A. 

We can assume that f3 is a dominant weight, f3 E X + n Y. By Proposition 18.191 


{zp,y) = tr q p (y) E A, 

where the inclusion follows from Lemma 18.141 This shows zp E V| v . 
Proposition 8.22. (a) One has 

3(v| v ) = 3 (u ev ) = El-span of {z a \ a E Y}. 

(b) The Harish- Chandra homomorphism maps 3(Vg v ) isomorphically onto (V 
(200) x(3(V| v )) = (V-’°)® = A[Ki = 2 ,..., K^f°. 


ev i0\S2H 

Z ) > 


i.e. 


□ 


Proof, (a) Let us prove the following inclusions 

(201) 3(V| v ) C 3(U ov ) c El-span of {z a | a E Y} C 3(V| v ), 

which implies that all the terms are the same and proves part (a). 

The first inclusion is obvious, since V| v C ld cv , while the third is Lemma 18.211 

Because the U ev ’° = A[K^, .... K^], one has x(3(^ ev )) C A[K^,..., K^] w . Hence, by 
Proposition 18.201 we have 3 (U cv ) C El-span of {z a \ a E Y}, which is the second inclusion in (1201D . 
This proves (a). 

(b) follows from (a) and Proposition 18.201 □ 

Proposition 8.23. The Harish-Chandra map x is an isomorphism between 3(V/j) and (V))) 217 . 


Proof. Since x(3(V^)) C (V^) 277 , it remains to show (V))) 257 C x(3(V/ l )). By (11921) 

(V°) 2J7 = C[e 1 ,...,e,][[h]]. 

By iTM and BTO . 

6 ly’z'T = x(3(vr)) cx(3(v k )). 

Hence (V^) 257 C x(3 (V^)). This completes the proof of the proposition. 


□ 


8.15. Center of X/, . 

Proposition 8.24. The Harish-Chandra map x is an isomorphism between 3(X^) and (X?) 257 . 

Proof. By the definition, x(3 (X^)) C (X))) 217 . We need to show that x _1 ((X()) 217 ) C 3(X^). 
Because x _1 ((X°) 257 ) consists of central elements, one needs only to show x _1 ((X()) 2!7 ) C X^. We 
will use the stability principle of dilatation triples. 

From (11901) . (11911) . and (I192D . the triple (U^) 277 , (X))) 277 , (V^) 277 form a topological dilatation 
triple (see Section fOl) . 
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The triple also form a topological dilatation triple (see Section I4~T1) . Since x 1 ((U^) 20 ) C 

Uh and x _1 ((V®) 217 ) C V h by Proposition 18.231 one also has x ~ 7 ((X^) 217 ) C X^, by the stability 
principle (Proposition 14.61) . □ 


8.16. Quantum Killing form and Harish-Chandra homomorphism. Since x( x )iX(y) deter¬ 
mine x,y for central x,y S Uz, one should be able to calculate (x,y) in terms of x( x )>x(y)- 

Let B be the denominator of the right hand side of (I197D . i.e. 

B : = s S n M K -w(2p)- 

w&B 

By the Weyl denominator formula, 

(202) B = n = K *P n ( A ^ 2 - !) e ^2pV| v . 

aE<I>+ 

Let us define 

d:= (K- 2 P , B) = (v- 1 -v a ). 

From the formula for the quantum dimension (I177IL we have 

(203) ddimq(14) = (iL_ 2p _2A,B). 

Here is a formula expressing (x, y) in terms of x(x), x(y)- 
Proposition 8.25. Suppose x € 3(X/J, and y = Z\, A S Y. Then 

(204) |2H|d (x, y) = (D x(x), B x(l/)> 


Proof. As x is central, it acts on V\ by c(X,x) id, where c( X,x) G C[[/i]]. Recall that 1^ is the 
highest weight vector of V\. We have K a ■ 1\ = -{/ a ’wL\ = (K a , K_ 2 \) 1\. Hence for every z € U°, 

(205) z • 1 a = (s, K. 2 a) 1a 

Since the highest weight vector 1^ is killed by all E a ,a £ n, we have 

x ■ 1\ = po(x) • 1 a = sh p x( x ) ' 1 a 

= (shp x( x ),K- 2 \) 1a by (| 205P 
Thus, c(A,x) = (shpx(^),K_ 2 A)- Further, by (I194D , 

c(X,x) = (shp x( x )i K_ 2 \) = ((K- 2 p,x( x ))x( x ), K - 2 \) 

= (K-2p,x( x )} (x( x ),K-2x) = (K- 2 p,x(x)) (K-2 X,x( x )) = (K-2p-2X,xi x )} 

_ (K Bx(x) _ (K_ 2 p_ 2 A,Bx(x)) _ (K_ 2 p_ 2 A,Bx(x)) 

-1 —2p—2Xi D ) (A- 2 p 2A,B) “ ddimq(LA) 

= dd4(V>) (h^ 1 
= WddUtn) 


Here the last equality on line three follows from (12031) . and the equality on the line four follows 
from the fact that Ox(x) is 211-skew-invariant and the quantum Killing form is 2IJ-invariant on X)j. 
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Using (11961) and the fact that x = c(A, x ) id on V\, 

(x,z x ) = tr^(x) = c(A,x)dim (? (U A ) = —(D*(za),B y(x)) , 

where for the last equality we used the value of c(A, x) calculated above. □ 

Remark 8.26. It is not difficult to show that Proposition 18.251 holds for every y £ 3(X/ t ). 

8.17. Center of /C(. Recall that /C( is the set of all elements of the form 

x = Y Xk ' x k £ F k {KL\). 

One might expect that every central element of has the same form with x k central. We don’t 
know if this is true. We have here a weaker statement which is enough for our purpose. In our 
presentation, x k is central, but might not be in J- k (JC\ ). However, x k still has enough integrality. 

Lemma 8.27. Suppose x £ 3(X)) ■ There are central elements x k £ 3(X/J such that 

(a) one has |2U|x = YlkLoift l)k x k , 

(b) for every k > 0, {q\ q) k x k belongs to 3(V| v £>), 

(c) for every k > 0, one has T±(x k ) £ and 

(d) for every k > 0, one has T±(x k ) € iC[u ±:L ]. 

Proof, (a) Recall that J- k (JC\ ) = q) k (X.‘ff) n (7/ cv )^ B. Hence x has a presentation 

OO 

(206) x = ^2{q;q) k x' k , 

k =0 

where x' k £ X| v <g).A B and (q; q) k x' k £ U cv <g>.A B. 

Let y k = which is 211-invariant. Then y k £ (X))) 217 . By Proposition 18.241 

x k := X _ 1 (?/fc) is central and belongs to 3(X/ l ). 

Using the 2T-invariance of xi x ) and (12061) . and using 2U-invariance of x( x ), 

OO OO 

|2H| x( x ) = Y w< Oi{x)) = Y W (A i x 'k)) = Y^ q ^ kVk - 

w&8 k =0 ipG2U k=0 

Applying y _1 to the above, we get the form required in (a): |2R|x = ?)fc x k . 

(b) Since (q; q) k x' k € U cv <S >^4 B and 7/ ev, ° = V^ v ’°, one has 

( Q ! q)k Vk = {q\ q)k Y W (A i x k)) G V z’° &■ 

w£W 

By Proposition 18.221 (q; q) k x k = x _1 ((<?; q) k Vk ) € 3(V| v ) < 8 u B. 

(c) Because V| v C 7/ ev , we have 7±(V| V ) C A, by Theorem 18.11( f). From (b), we have 

(q; q)kT±(x k ) e A <8u B = B, 
or 

1 




-B. 


(207) 


T±(x k ) G 
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A simple calculation shows that x(r) = v^ p,p ^ K 2p rQ. Since X| v ’° is an A-Hopf-algebra (Lemma l5.25j) . 
we have 

A(A 2p X* v ’°) C X 2p X* v ’° ® iv 2p Xg V ’°. 

Since B € K 2p V%’°, we have By fc G AT 2p X^ v ’°. Hence A(By fc ) = ^ K 2p y k ® K 2p y k , where y' k , y" G 
X^ v, ° £>. Since BAT± 2p G X^ v ’°, we have A(BA± 2p ) = a i ® °2 with ai,a 2 G X^ v ’°. Using 

(12041) . we have 

AT±(x k ) = d^^ 1 , x k ) = (Bx(r ±1 ),Bx(a: fc )) = v M (BAL^r^ 1 , By k ) 

= v M J^(BA± 2p , K 2p y' k ) (r^ 1 , K 2p y k ) by ® 

= v M ^(ai, A± 2p ) (a 2 , y' fe ) (rf,lf 2p ^) again by (jHZD- 

The hrst two factors (a\, K± 2p ) and (a 2 ,y k ) are in B by Lemma [5.251 where B = A B. The 
third factor (r^ 1 , K 2p y k ) is in v^’^B by Lemma 15.291 Hence <d.T±(x k ) G v 2 ( p,p ^B = B. Together 
with (12071) . 

d T±{x k ) G C{v) n B = B. 


(d) By definition, Q± = ^ c^V\, where the sum is finite and c x G C. We have 

<&f±(x k ) = y~] c^dtr^(x' fc ). 

Hence, to show that <A.T±{x k ) G B, it is enough to show that for any A G X + , dtr^ A (xfc) G B. Using 
(11961) and (12041) . we have 

|2H|dtr^ A (xfc) = |2U|d(zA,Ufc) = (Bx(^a), ^X^fe)} 

= \'}2 s ^(w)K_ 2w ^ x+p)l I])y k \ by (fW]) 

WeOT / 

= ^2 sgn(w)(K_ 2w{x+p) ,By k ) 

w£W 

= s S n (.w)(K_ 2w{x+p) ,B)(K_ 2w{x+p) ,y k ). 

w£W 

The second factor {K_ 2w ^ x+p ^,y k ) is in B by Lemma f5. 25 1 As for the first factor, for any fiGl, 
(Ar 2 p ,B) = (X 2p , H(K a -K~ 1 ))= H((K 2 p ,K a )-(K 2 p ,K- a ))= ( V ~M _>.-)) G C^ 1 ]. 

Hence, dtr^ A (xfc) G B. 

On the other hand, since ( q ; q ) x k G V| v B , we have {z x , ( q ; q)x k ) G B. Hence 


dtr^x*,) Gfin C(v) = CftA 1 ]. 


ill 


This completes the proof of the lemma. 


□ 
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Figure 15. Links L\ (left) and L 2 , which is obtained from L\ by sliding. Here e = —1 
8.18. Comparing T and T. 

Proposition 8.28. Suppose Q is a strong Kirby color at level (, x € (/C( n ) mv , and £j = ±1 for 
j = 1,... ,m. Then 

m m 

j =1 3 =1 


Proof. We proceed in three steps. 

Step 1: m = 1 and x € (V| v <g).A H) inv = 3(V| v <g).A £?). By Proposition 18.221 x is a B-linear 
combination of z\, A € F. We can assume that x = z x for some A € X + n Y. 

Let L 1 be the disjoint union of U- e and U £ , where the first is colored by V\ and the second by 
Q. Sliding the first component over the second, from L\ we get a link L 2 , which is the Hopf link 
where the first component has framing 0 and the second has framing e. see Figure [I5j From the 
strong handle slide invariance (11811) we get 

(208) J Ll (V\,fl) = J L2 (V\,Q). 

Let us rewrite the left hand side and the right hand side of (12081) . 

LHS of (USD = Ju-A^x) JuAto) = tr^(r £ ) J Ue ( ft) 

= ( z Xl r £ )J Ue (n ) = Te(z x )Ju e (fy. 

Let Lq be the Hopf link with 0 framing on both components. Then 

RHS of TO = Jl 2 (Ha, n) = Ju e m J Lo (V x , n e ) by TO 

= Ju e ( fi ) tr g e {z\) by (HMD 
= J Ue {tt)%{z x ). 


Comparing the left hand side and the right hand side of (12081) we get %(z x ) = T e (z x ). 

Step 2: m = 1, and x is an arbitrary element of (/C' 1 ) mv = ZtfCf). Let x = Yl’kLoiS'- q)k x k be the 
presentation of x as described in Lemma 18.271 Since Xk € 3(X^) and all 7±,7± are continuous in 
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the h-adic topology of X^, 


7±(x) = ^(< 7 ; q)kT±(x k ) 

k =0 
00 

T±(x) = ^2(q-,q)kt±(x k ). 


k =0 


Both right hand sides are in i(C[u] because T±(x k ),T±(x k ) £ ^C[u ±:L ] by Lemma f8.27l Since 
(q: q) k = 0 if k > r and d 0, we have 


r —1 /r—1 N 

7±(x) = ^(g;g)fc7±(x fc ) = 7± I ^2(q-,q)kX k 


f±{ x ) - ^2(q; q)kt±(x k ) = t± ( '^2(q;q) k x k 


k =0 
1 —1 


(0 


^ fc =0 
* r— 1 


k=0 


\k =0 


By Lemma l8.27f bh the elements in the big parentheses are in 3(V^ V £>). Hence, by the result 

of Step 1, we have T±{x) = T±(x). 

Step 3: general case. Define a k (for k = 0,1,..., m) and b k (for k = 1,..., m) as follows: 




/ k 

m \ 

/ k -1 

m \ 


« ® 

0*0, h= (S)^i 

® id <8> Te A 

W 

j=k+l ) 

Vi=i 

j=k +1 / 


Then 

(209) 


ak -1 = % k (b k ), and a k = T ek (b k ). 
By Proposition 18.151 b k € (/C / 1 ) inv . By Step 2, 


T ek (b k )^T £k (b k ). 

Using (12091) . the above identity becomes a k -\ = a k . Since this holds true for k = 1, 2,..., m, we 
have do = a m , which is the statement of the proposition. □ 

8.19. Proof of Proposition 18.101 By Theorem 17.31 if T is an algebraically split m-component 
bottom tangle, then ,Jt € K. m (U) C /C' m . Hence Proposition 18.101 follows from Proposition 18.281 
This also completes the proof of Theorems 18.81 and 18.11 


8.20. Proof of Theorem 11.11 The existence of invariant Jm = J% £ Z[ q\ is established by 
Theorem 17.31 Theorem 18.81 shows that evg(J^ f ) = The uniqueness of Jm follows from (i) 

every element of Z[g] is determined by its values at infinitely many roots of 1 of prime power orders 
(see Section [L2P . and (ii) Z' Ps contains infinitely many such roots of unity (by Proposition I8.4|) . 
This completes the proof of Theorem 11.11 
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8.21. The case £ = 1, proof of Proposition 11.61 Let 12 be the trivial U /, -module C[[/i]]. By 
Proposition 18.61 12 is a strong Kirby color, and tm (12) = 1. By Theorem 18.81 we have evi (Jm) = 1- 
This completes the proof of Proposition 11.61 

Proposition 1 1.61 can also be proved using the theory of finite type invariants of integral homology 
3-spheres as follows. Note that evi (Jm) is the constant coefficient of the Taylor expansion of Jm 
at g = l. which is a finite type invariant of order 0 (see for example [KLOj l. Hence evi (Jm) is 
constant on the set of integral homology 3-spheres. For M = S 3 , evi (Jm) = 1- Hence evi (Jm) = 1 
for any integral homology 3-sphere M. 
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Appendix A. Another Proof of Proposition 14.11 

In the main text we take Proposition 14.11 from work of Drinfel’d jDrj and Gavarini (Gavj . Here 
we give an independent proof. 

Each of U^° := (U^U^)'and U^° := (U^U^)'', where ( )~ denotes the h-adic completion, is a 
Hopf subalgebra of LR, and TZ G U^°(g)U^ 0 . Let Al C U^° and Ar C U^° are respectively the 
left image (see Section 12.4ft and the right image of TZ G Here the right image is the 

obvious counterpart of the left image and can be formally defined so that 021 (Ar) is the left image 
of 021 (72.), where 021 : U^°(g)U^ () —> U^°®U^° is the isomorphism given by 021 {x <g ) y) = y ® x. 

Explicitly, Al and Ar are defined as follows. For n = ( 111,112 ) € N* x N e let 

1Z'{ n) = F^H 112 , 1Z"( n) = F (ni) R n2 . 

Then {TZ'{ji) | n G N t+ ^} is a topological basis of U^°, and {TZ" (n) | n G N t+ ^} is a topological 
basis of U^°. From ([71]) . there are units /(n) in C[[/i]] such that 

7 Z= ^ f(n)h^TZ'(n)®TZ"(n). 

Then Al and Ar are respectively the topological closures (in U/J of the C[[h]]-span of 

(210) {h^TZfn) | n G N t+£ } and {h^TZ"(n) | n G N t+e }. 

For C[[/i]]-submodules C LR, let Tfff ® J# 2 , called the closed tensor product , be the 

topological closure of <8> J &2 in the h-adic topology of UR^LR. 

Proposition A.l. For each of A = Al,Ar one has 

n{A <g> A) c A, A(A) c A® A, 5(A) c A. 

This means, each of Al,Ar is a Hopf algebra in the category where the completed tensor product 
is replaced by the closed tensor product. 

Remark A.2. When the ground ring is a field, the fact that both Al,Ar are Hopf subalgebras is 
proved in [Rad]. Here we modify the proof in [Rad] for the case when the ground ring is C[[h]]. 

Proof. We prove the proposition for A = Al since the case A = Ar is quite analogous. 

Let TZ'{n) = /(n) h^TZ'( n). Then 1Z = ^ n 7l/(n) ® TZ"(n). Using the defining relation (A ® 
id) (TZ) = 7 ^. 137 ^. 23 , we have 

(211) A(it' (n)) ® TZ" ( n) = TZ’ (m) ® 7?/(k) ® TZ" (m)TZ" (k). 

n k,m 

Since {TZ" ( n)} is a topological basis of U^°, there are structure constants fff k G C[[h]] such 
that 

K"(m)TZ"(k) = '£f^TZ"(n), 

n 

and the right hand side converges. Using the above in (121 1 [) . we have 

A(7J'(n)) = ^/". k K'(m)®K'(k), 

m,k 
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with the right hand side convergent in the /i-adic topology of U^giU^. This proves A(Ar) C 
Ar 0 Al. Actually, we just proved that the co-product in Al is dual to the product in U^°. 

Similarly, using (id® A) (Til) = ^■ 13 ^ 12 , one can easily prove that the product in Al is dual to 
the co-product in U^°, i.e. 

m) £'(k) = ]T C n), where A(ft"(n)) = ]T f™’ k TZ"( m) 0 1Z" { k). 

n m,k 

This proves that h(Ar 0 Al) C Ar. 

Next we consider the antipode. We have (S® id) (TZ) = (id ®S _1 )(7il) = 7£ _1 . Let A' L be the left 
image of 7£ _1 . 

Since S’ -1 is an C[[/i]]-module automorphism of U^°, Identity (id (SIS'” 1 ) (TZ) = VA 1 shows that 
*L = A L- 

Identity (S'® id)(72.) = VA 1 shows that A' L = S(Al ). Thus, we have Al = S(Al). □ 

Proposition 14.11 follows immediately from the following. 

Proposition A.3. (a) One has ArAl = AlAr. It follows that ArAr is a Hopf algebra with 
closed tensor products. 

(b) One has ArAl = V/j. 

Proof. We use the following identity in a ribbon Hopf algebra: for every i/GU/, one has 

(212) 7 l(y 0 1) = ^( 2 /( 2 ) 0 2/(i))7£(l 0 S(y (3) )) 

( y ) 

(213) (y 0 1)7 Z = ^(1 0 S(y w ))n{y (2 ) 0 2/(3)) 

( v) 

(214) 7^(l 0 2 /) = ^2(y(3) 0 2/(2))^(S“ 1 ( 2 /( 1 ) 0 1)) 

( y) 

(215) (1 0 y)TZ = ^(S _1 ( 2 /(i) 0 l))K(y w 0 y (2) ), 

(y) 

which are Identities (6)-(9) in [Rad]. Suppose x € Al and y S Ar. We will show that xy € ArAl. 
This will imply that ArAr C ArAr. We only need the fact that Ar is a co-algebra in the closed 
category: A(Ar) C Ar ® Ar C Uj; 0 ®U“ 0 . 

Since x £ Al, we have a presentation 

x = ^ x n TZ\n), x n € C[[h]] Vn € N t+e . 
n€N*+* 

Let p : U^° —>• C[[/i]] be the unique C[[/i]]-module homomorphism such that ^(^"(n)) = x n . Then 
x = ^) n 7t / (n)p(7?. /, (n)). Hence 

^ = ^7^ , (n)yp(7e"(n)) 

n 

= 2/(2)^'( n )p(2/(!) ^"( 77 ,) S'(2/ (3 ))) € ArAl. 
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Similarly, one can prove ArAr C ArAr, and conclude that AlA r = A r A l . 

(b) The two sets {h^H n n e N 1 } and {h^H n n e N f } span the same C[[/i]]-subspace of 
U°. Using spanning sets (12101) . we see that ArAr is the topological closure of the C[[/i]]-span of 

{/ l l|ni||+||n2||+||n 3 || F (n 1 ) fl -n 2jE; (n3) | ni n3 G ^ n2 € ^}. 

Comparing this set with the formal basis (I83|) of V^, one can easily show that = ArAr. □ 


Appendix B. Integral duality 

B.l. Decomposition of U^ v ’°. Recall that 

Uq V ’° = C (v)[K± 2 , a € n], V^’ 0 = A[K± 2 , a € n]. 

For simple root a € II, the even a-part of is defined to be Z a := C(v)[K± 2 ] n U^. Note that 
Z a is an A-Hopf-subalgebra of Q(v)[AT± 2 ]. From Proposition 15.21 Z a is A-spanned by 

K 2m ( „njy-2 \ 

(216) { a > Qa a ' Qa>k |m,n€Z,fcgN}, 

Web Qa)k 

and there is an isomorphism 

(217) (g) Z a -A U| v ’°, (g) a a -A H a a . 

aElI aEll ol 

Hence, if one can find A-bases for Z a , then one can combine them together using (12171) to get an 
A-basis for Ug V ’°. 

Similarly, let Vg V ’° D C(v)[K± 2 ] = A[K^ 2 ] be the even a-part of V^ v ’° = A[K± 2 , a € n]. The 
analog of (12171) is much easier for V^ v ’ 0 , since in this case it is 

(218) (g) A[K± 2 } A V* v ’° = A[K± 2 , a € H], (g) a a -A J]a Q . 

aElI aGll ol 


B.2. Bases for Z a and A[x ±l ]. Fix a € n, and denote by x = K 2 , and y = K 2 . The even a-part 
of V^ v ’° is A[x ±x ], and Z Q , the even a-part of Ug V ’°, is now an A-submodule of Q(n)[x ±:l ]. The 
quantum Killing form restricts to the Q(n)-bilinear form 

(219) (.,.) : Qivfta* 1 ] ® Q(u)[:A] -A Q(v) given by ( x m ,y n ) = q~ mn . 


Let t : 

( 220 ) 


(n)[x ±:L ] -A- Q(n)[y ±1 ] be the Q(n)-algebra map defined by l(x) 

| n | — I n ~ 1 j w . 

Q (a]n) := x~ l 2 i(q a L 2 X \q a ) n , Q (a,n) := 

Q'(a;n ) x, ■> 

Q(a;n) := - -—, Q(a,n) : = 


(qa,qa) r 


= y. For n € N, let 

t(Q'(a;n)) 

i(Q(a;n)). 


We will consider AjA 1 ] C C[lL a ][[/i]] by setting x = exp (hH a ). 

Proposition B.l. (a) The A-moduleZ a is the A-dual of A[y ±l ] with respect to the form (12191) in 
the sense that 

A a = {/(x) € QAA 1 ] | {f(x),g(y)) € A V g(y) € Q(u)[A]}- 


(b) The set {Q\a;n) | n € N} is an A-basis o/AfA 1 ]. 
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(c) One has the following orthogonality 

(221) ( Q(a\n),Q'(a-,m )) = 5 m ,n Qa L(n+1)/2j2 . 

(d) The set (Q(a;n) | n G N} is an A-basis ofl a . 


Proof, (a) In Section IB.ll Z a is the .4-submodule of Q^far* 11 ] spanned by the set (I216|) with 
Kf replaced by x. This set spans the module of polynomial with (/-integral values: By fEm 
Proposition 2.6], Z a is exactly the set of all Laurent polynomials f(x) G Q(u)[x =tl ] such that 
f(q k ) G A = Z[u ±:L ] for every k G Z. 

For f(x) G Q(u)[x ±1 ], g(y) G Q(u)[y ±:L ], and fceZ, from (12191) . 

( 222 ) {/(*),/} = /(■£*), t**,s(v)> =»(£*)• 


Suppose now /(x) € Q(u)[x ±:L ]. Since {y k \ k G Z} is an .4-basis of -A[?/ =l=1 ], 
f(x) is in .4-dual of A [i^ 1 ] <(=> (f(x),y k ) G .4 Vfc G Z 

/(g- fc ) G .4 Vfc G Z <(=> /(x) G Z a . 

This proves part (a). 

(b) The bijective map j : N —>• Z given by j(n) = (—l) n+1 |_^^J defines an order on Z, by 
j{ 0) -< j( 1) -< j(2) -< .... This order looks as follows: 

0-<l-<—1-<2-< —2 -< 3 -< —3... 


We define an order on the set of monomials {x n | n G Z} by x n -< x m if n -< m. Using this order, 
one can define the leading term of a non-zero Laurent polynomial f(x) G Q(u)[x =t1 ]. One can easily 
calculate the leading term of Q'(a;n), 

(223) Q'(ar,n) = (— l) n x^ n ^ + lower order terms. 

It follows that {Q'(cc,n) \ n G N} is an .4-basis of A[x ±l ]. 

(c) Suppose m < n. By (1222 j) . 


(Q'(a;n),i/ J(m) ) = Q'(a;n) | -j (m ) = 0, 


x=q a - 


since x = (fa: m annihilates one of the factors of Q'(a;n) when m < n. By expanding Q’(or,m ) 
using (|223D . we have 

(Q'(a; n), Q'(a; m)) = 0 if m < n. 


Similarly, one also has ( Q'(a ; n),Q'(a-, m)} = 0 if m > n. It remains to consider the case m = n. 
Using (I223p . we have 

(Q\a;n),Q\a;n)) = {Q'{a\ n), (-l) n y j{n) ) = (~l) n Q\a;n)\ = g -L("+ 1 )/ 2 J 2 ( q a ]q a ) n , 

—Hot 

where the last identity follows from an easy calculation. This proves part (c). 

(d) By part (b), { Q'(a ; n) \ n G N} is an .4-basis of ^4.[x/ ± 1 ]. Because Z Q is the .4-dual of A[y ±l ] 
with respect to the form (1219[) . the orthogonality (1221|) shows that {Q(a;n) \ n G N} is an .4-basis 
ofX a . This proves part (d). □ 
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B.3. Proof of Proposition 15.71 

Proof, (a) The definition (11091) means that, for n = (m,..., nf) £ N*, 

l i 

(224) Q ev (n) := Q(atj\nj)\ x=K 2 , (g;g) n Q cv (n) = JJ Q , (a!j;n i )| a _ K 2 . 

i=i j= i 

By Proposition IB. If d). {Q(a.j] n)\ x =K 2 | n € N} is an A-basis of I aj . Hence the isomorphism (I217D 
shows that (<5 ev (n) | n € is an A-basis of Ug V ’°. 

Similarly, Proposition IB. li b! and isomorphism (12181) shows that {(q; q) n Q ev (n) | n £ N £ } is an 
.4-basis of V^ v ’°. 

(b) Let K s = Ka) for S = (<5i,..., 5f). We have 

v£= © A- S V' V '°. 0 A'X V ’“. 

<5e{o,ip <5e{o,ip 

where the first identity is obvious and the second follows from Proposition 15.21 Hence (b) follows 
from (a). This completes the proof of Proposition 15.71 □ 

B. 4. Proof of Lemma 15.161 

Proof. For a,/3 £ n, (Lf 2 ,lLj) = 5 a ^q a . Hence, with Q ev (n), Q ev (m) as in (|224D . 

I i 

(Q ov (n),Q ov (m)) = Y[(Q(a j ]n j ),Q(a j -,m j )) = 5 n , m g" L(n?+1)/21 , 

3 =1 3 =1 

where the last identity follows from Proposition IB. li e). This proves Lemma 15.161 □ 

Appendix C. On the existence of the WRT invariant 

Here we prove Proposition 18.41 on the existence of strong Kirby colors at every level ( such that 
ord(£ 2D ) > d(h v — 1). We also determine when (6 2' and when £ £ Z' Pg , if ord(£ 2D ) > d{h w — 1). 

C. l. Criterion for non-vanishing of Gauss sums. Suppose 21 is a free abelian group of rank 
I and £>:2lx2l—>-Zisa symmetric Z-bilinear form. Assume further f is even in the sense that 
4>(x, x ) £ 2Z for every x £ 21. 

The quadratic Gauss sum associated to (f) at level m € N is defined by 

<8<p{m) := ex P 

ze2t/m2l 

Let 2l£ be the Z-dual of 21 with respect to f>, and 

ker^(m) := {x € 21 | f)(x, y ) £ mZ Vy £ 21} = m2l^ D 21. 

We have the following well-known criterion for the vanishing of ©^(m), see jDe, Lemma 1], 
Lemma C.l. (a) If m is odd, then ©^(m) A 0. 

(b) ©^(m) ^ 0 if and only for every x £ ker^(m) one has j^cf>(x,x) € Z. 
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Lemma C.2. For every x G ker^(m), j^f)(x,x) G ^Z. 


Proof. Because x G m2l£, one has (f>(x, x) G mZ. Hence x) G |Z. 


□ 


C.2. Gauss sums on weight lattice. Recall that X,Y are respectively the weight lattice and 
the root lattice in which is equipped with the invariant inner product. The Z-dual X* of X is 
Z-spanned by a/d a , a G n. 

Lemma C.3. For y G X*, we have ( y , y) G Z( 2 ) := {a/b \ a, b G Z, b odd}. 


Proof. Suppos e y = Y^ki(Xi/di. Then 


<»,») = E*?%^+ 2 E%# = E*4 + E 2(a ‘ , ? )/dj e U 


i<j 




*<1 


Since d = 1, 2 or 3, we see that (y, y) € Z( 2 ). 

Lemma C.4. Suppose Q is a root of 1 o/ order s. Let r = s/gcd(s, 2L>) 6e the order f 
(a) Suppose r is odd. Then <3^ 0 (() / 0, where 


□ 


® P '(C) := 


E 




E « 


(A,A+2p)/2 


AeP f nv AeP c nv 

(b) Suppose r is even. Then G5 0 (C) / 0, where 

C5 0 (C) : = E ( aD(A,A+2p) 

A EP C 


Proof. After a Galois transformation of the from C ^ ( k with gcd(L,s) = 1 we can assume that 
C = exp(27ri/s). 

(a) The following is the well-known completing the square trick: 

& P0 (C)= J2 ^ (A ’ A+2p(r+1)) since ord(0=r 
AeP c nY 

= ^_(r+lE( PiP ) ^ £§(A+(r+l)p,A+(r+l)p) 

AeP c nv 

= r ^#(r,r) ^ ^|(A,A). 

AeP c nY 

Here the last identity follows because 2p G Y and hence (r + 1 )p G Y since r + 1 is even, and 
because the shift A —» A + /3 does not change the Gauss sum for any /? G Y. 
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The expression £2 A £ Y is invariant under the translations by vectors in both rY and 2rX. 
Hence 


© P 9 (C) = £3 


Ir±iL (P.P) V" t(A,A)/2 


E f ( 

AeP c nv 

ir±ff (p , p) Yol(2 rl) 
vol(rT) 


E e 

XeY/rY 


(A,A)/2 


By Lemma 1C.1( a) with 21 = Y", 4>(x,y ) = (x,y), and m = r, the right hand side is non-zero, 
(b) Again using the completing the square trick we get 


00(C) = C~° M C D(A,A) = C° M Y1 exp (— 2jD ( A ’ A )) 

AeP c \& X / 2 rDX A S ' 

(225) =r jD(p ’ p ) (^) E exp^2D(A,A) 

A s ' \ex/sx A s 

Note that gcd ^ 2D ^ is even if and only if 

(226) ^eZp). 

Apply Lemma fC.lf b) with 2t = X, cf(x,y) = 2 D(x,y), and m = s. Then s2t^ = Suppose 

x € ker^(s) = s2lj* n 21 C s2l^. Then x = with y € X*. 

We have 



1 s 

—c>(x,x) = — (y,y) € Z (2) , 

where the last inclusion follows from (I226|) and Lemma 1C.31 From Lemma 1C.21 we have 

^(x,x) € Z (2) = Z. 

By Lemma 1C. 1( b). the right hand side of (I225p is non-zero. □ 


C.3. Proof of Proposition [8741 


Proof of Proposition \8.f\ By [Le4, Proposition 2.3 & Theorem 3.3], fi 0 (C) and fi P0 (C) are strong 
handle-slide colors. Although the formulation in ra only says that H 0 (C) and H P 0 (C) are handle- 
slide colors, the proofs there actually show that H 0 (C) and fi^ 0 (C) are strong handle-slide colors. 

It remains to show that Ju ± (Q 5 (()) 7 ^ 0 if r is even, and Jjj ± (Q P s (()) 7 ^ 0 if r is odd. 

From (LEU Section 2.3], with the assumption ord(C 2P ) > d(h w — 1 ), we have 


(227) 


j u+ m o) = 


0 0 (C) 


(0 


n 




(1 - f( a >p))’ 


Ju + (n Ps ( 0) = 


© P 0 (C) 


n 


aE<£- 


(1 - £( a >p))' 
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Besides, and Jjj_ (fi P0 (£)) are respectively the complex conjugates of Ju + (Ll s {()) and 

Ju+(Q Ps {())- By Lemma 1C.41 if ord(£ 2D ) is even then Ju + (Ll a (()) / 0, and if ord(C 2jD ) is odd then 
Ju+(tt Ps (()) / 0. This completes the proof of Proposition 18.41 □ 

C.4. The sets Z' g and Z' Ps for each simple Lie algebra. 


Proposition C.5. (a) One has ® 0 (C) = 0 in and only in the following cases: 

• q = Ap with £ odd and ord(C) = 2 (mod 4). 

• g = B( with £ odd and ord(£) = 2 (mod 4). 

• g = B( with £ = 2 (mod 4) and ord(£) = 4 (mod 8). 

• g = Ce and ord(C) = 4 (mod 8). 

• g = Di with £ odd and ord(£) = 2 (mod 4). 

• q = D f with £ = 2 (mod 4) and ord(£) = 4 (mod 8). 

• g = E’j and ord(C) = 2 (mod 4). 

(b) In particular, i/ord(C) is odd or ord(£) is divisible by 2dD, then © 0 (C) / 0. 

The proof is a careful, tedious, but not difficult check of the vanishing of the Gaussian sum using 
Lemma 1C. II and the explicit description of the weight lattice for each simple Lie algebra, and we 
drop the details. 

Corollary C.6. Suppose ( € Z with ord(£ 2Z) ) > d{h w — 1). Then ( € Z' g if and only if f satisfies 
the condition of Proposition [CCW a). 

Similarly, using Lemma lC.il one can prove the following. 

Proposition C.7. Let r = ord(£) = ord(C 2D ). 

(a) One has © P0 (£) = 0 in and only in the following cases: 

• g = Ag and ord 2 (r) = ord 2 (f? + 1) > 1. 

• g = B( and r = 2 (mod 4). 

• g = Ci, r even and r£ = 4 (mod 8). 

• g = Du, r even and r£ = 4 (mod 8). 

• g = E-j and r = 2 (mod 4). 

Here ord 2 (n) is the order of 2 in the prime decomposition of the integer n. 

(b) In particular, if r is co-prime with 2 ord2 i p) ), then Q5 Ps (f) 0. 

Corollary C.8. Suppose ord(£ 2jD ) > d(/i v —1). Then f € Z' Ps if and only if( satisfies the condition 
of Proposition \C.lY a). 
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Appendix D. Table of notations 


Notations 

%[q], (x-,q) n 

(«')„ 

n 

r 

g 

ad(x ®y),x\>y 
tr^ 

Jt 

</>, A, S 
c ,c-,C+,C~ 

T± 

Jm 

T 

b 

■&{x®y), (x,y) 

d, d a ,t, ht(7) 

X,Y 

n,$,$+ 

Pi i OLi 

h,v,q,v a ,q a ,A 

[n\ a ,{n} a , [n\ a \,{n} a \ 

U h, F a ,E a , H \, F t , Ei 
F\ , K c > ■ F.j 

u g ,u q ,u° 

^bar; ^ i T 

\x\ 

u ev u ev 

^ q i q 

TT± TjO TT± TjO TT e v, 

U /i ) U /i> U <? ) U <? 

Sq, 

T a 


defined in 

remarks 

o 




O 

Hopf algebra 

E21E321 

/I’-matrix 

12.2113.7.21 

ribbon element 

1221 

balanced element 

[231 

adjoint action 

[231 

quantum trace 

O 

universal invariant of bottom tangle 

m 

braiding, transmutation 

ETUI 

clasp, c = J c + 

[2321 [4781 

full twist forms 

12.13112.151 

invariant of 3-manifold 

12.15.21 

braided commutator 

12.131 

universal invariant of Borromean tangle 

EHUM] 

clasp form 

[TLU 

Lie algebra, its rank, Cartan subalgebra 

EUJ 


[TLU 

weight lattice, root lattice 

13.1.11 

simple roots, all roots, positive roots 

13.1.11 


[3321 

q = v 2 = exp (h), A = Z[v ±:L ] 

E32 


[3331 


[3331 


13351 


EJ 

(anti) automorphisms of U/ t 

[3XT1 

Y -grading 

[3321 

even grading 

[341 


[331 

Weyl group, reflection 

[331 

braid group action 


E^F^E^lF^lKn 
© j F n , F n , A n , F n 
D,H q , r 0 

r 

\\n\\,e h (n),V h ,V® n 

X h 

A 


ESI 

EZH 

[332] 

ESI 

a 

HU 

[4~4l 

IQ 


quasi-clasp element 
:= 

core subalgebra of 
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Notations 

defined in 

remarks 

u Z) u± uo,u-,u^-,u| v ' u 

a 


Vz,v± vs,vr,vr-VT° 

oi 


O?;?) n 

E3E1E5] 


Q ev {n),Q{n,S) 

E3 


e ev (n), e(n, <5) 

[53] 


Uz,U°,UJ v ,U* v ’ 0 

[531 


e ev (n), e(n, 5) 

M\ 


Y vev 

-*-Z> 

M 2 \ 

integral core subalgebra 

G,G e \v,K a ,e a ,x,[V q \ g 

O 


[U?"] S 

[fi32l 

G-gradings 

K-niK-niFkik-n) 

rrn 


K n (U),K n {U),F k (K n {U)) 

o 


max(n), o(n) 

[731 


z,z g ,hy,D 

EH 


dim q {V),U 

E3 


ev v i /r> =c (/),/ = g 

E3 


B,u±,T M m 

[8X21 

B = C^ 1 ] 

t- 0 T-Pa 7 ' 7 ' 

T ,T ,^ g ,^ p£| 

18.4.41 


n ± 

Eel 

twisted colors 

u,u cv 

E71 


K! m ,F k {K' m ),K!m 

m 


T± 

ETol 


3(U ft ),3(nx,sV 

EI21 


z \ 

ET31 


D,d 

EI61 
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